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NPEJUCJIOBUE

B 3roit Gpounope comepwuTeA paclINPeHHOE 1SI0KEHHE Jek-
UUH, YATAHHOH aBTOPOM MM WKOJSHIKOB X u X K1acCOR —
yyacTiikOB MockoBCKOH MaTemartiyeckoi OJIHMITHAOLL, & 3aTeM —
B HECKOAbKO N3MEHEHUOM Buge — B MOCKOBCKOM HHCTHTYTE yco-
BEPIICHCTBOBAHIA yulTeALH.

Tema «Bosspatinte mocneroparenbuocTi» GaI3Ka K LIKOJL-
HOMY Kypcy (apugueTudeckne i reoMeTpHueckile IpOTrpeccuins
HOCICNOBATEABHOCT  KBANPATOB HATYPasbHbiX YHCEN], MOC/IeR0-
BATCJILHOCTH KO3 UIHEHTOB YaCTHOTO MHOTOYJEHOB, pPACHO.IO-
ACHHLIX 110 BO3pacTaloMUM cremendM, i T. 11.). Baecte ¢ Teu
3TO  HACTOMLUAsl MANeHbKAsl MaTeMaTuyeckas TteopHs ¥), 3akou-
1CHHAL, NpOCTas, ACHAfl, KaK U BCE TO, 4TO BBILAO N3 PYK KPy-
HEAUINX MACTEPOR  MATEMATHYECKOTO aHANIIZA, CO3LABLUIX Ty
TEOPIo.

OcHOBL! TEOPHH BO3BPATHHIX NOCHEIOBATENLHOCTEH GhimM pa3-
paGoTannl 11 omy0 NKOBAaHL B ABAMIATHIX [OAX BOC@MHAALATOTO
BeKa QpansiysckuM MaTeMaTHkoM MyaBpow [ivs1 koTOpPOrO HOCHT
bopmyna:  (cos @ -7 sin a)" == cos nz - {sin niy] 1 olomHIM 13
MEPBLIX 10 BpeMenin yneHoB [lerepGyprekol Axamemun uayk
mBeduapckuM  maremamiwoym [Haunmnom Bepnyiiy, Pazsépuyryio
TCOPHIO Naq KPyMHCHLIIA MaTeMATHK BOCEMHAAUATOrO BEKA HeTep-
Oyprekuil akame ik Jleonapn O#aep, noceATHBIIME BO2BPATHLIM

*) dag HCKYWBHHOrO B MateMaTHYECKOM aHain3e YHTaTes]s] Mb YKa-

HEM, YTO 3ITO TOUHBIH aHalor Teopuu Juuefublx AuddepeHuyarpHuix
YPaBlEHH ¢ MOCTOAHHBIME KO3(d:TiiHe1Ta M.
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MOC/IEAOBATE/IBHOCTSIM (pSNaM) TPHHALUATYIO r/aBy CBoero «DBae-
nennsi B aHaau3 Geckoxewno-manwix» (1748)*). M3 Gonee mosn-
Hix paboT CJAeNyeT BBUL/HTD I3/I0KEHHE TEOpPIH  BO3BPATHHIX
(I0CJIE IOBATE/MBHOCTEH B KYpPcax HCYHC/ACHHS] KOHEYHBIX PA3HOCTEH,
YHTAHHBIX 3HAMEHITHIMH PYCCKHMH MATeMaTHKaMH  aKaXeMHKaMy
1. JI. YeGnmesnin 1 A. A Mapkosnin *¥).

*) CM. pyccKMHd mepeBON MESPBOTO TOMA ITOrO TPYnXa, HANMHCAHHOLO
DiinepoM Ha natuHcKoM A3nK2: JL Diaep, Baegaiaue B aHaAu3 HECKO-
HeyHo-Maimlx, T. I, M.-—J1,, 1936, crp. 197—218.

*##) Cum. [I. .Ueo6biures, Teopas peposruocreii, nexunu 1873 —
1830 rr., M.—J1,, 1936, crp. 13)—147; A. A, Map«os, Vcuxcaenue
KOHeuHbIX pasuocrelf, 2-e usn., Onecca, 1910, cTp. 209—239.




1, llousiTie BO3BpaTHOM NOC/AENOBATE/AbHOCTH SBJAAETCS UIHPU-
«uM 06GoGuleHHEM ToHATHA apHDMETHYECKONR HIH reoMeTpHYECKOH
nporpeccnd. Kax wactniie cayuan OHO OXBATHIBAET TAKNeE 10CAEN0-
BAaTC/JLHOCTH KBadpaToB uJAM KyOOB HATypaJbHbeIX 4HCET, MOC/IE-
noBaTeabHOCTH Uudp AECATHYHOTO PABNOKEHUST DALHOHAILHOIO
gucna (u BooGule Jolule H2pHOAMYECKNHEC [0CAe10BaTENbHOCTH),
aoCcJel0BaTe IbHOCTH K03:hHINIEHTOB YaCTEOr0 OT AGAEHHA ABYX
MHOFOY.I€HOB, PACHOJOKELHLX [0 BO3DPACTAIOWIMM CTENEHAM X,
u T. A. Orcioma BHAHO, YTO C BO3BPATHLIMI MOCJEN0BATE/bHO-
CTSIMH B KypCE€ MATEMATHKH Cpefided IIKOJb OpPHXOAHTCA BCTPe-
qaTbCsi BECbMa 4acTO, TeopHs BO3BPATHLIX NOC/IEX0BATEAbHOCTEH
cocrasiser 0co0yl0 rJ1aBy MATEMATHYECKOH MICLUMILIHHLL, HA3LIBA-
eMOH UCHUCACHUEM KOHeuHbX pa3Hocmell. MH H310KHM  31ECH
3Ty Teopuio, He Tpelys OT uHTare/s KakHX-a1100 napeaBapHTe/Ib-
HBIX CHEMHaJbLHBX CBegeHHH (UUIb B OXHOM MECTE Mbl COWIEMCA
Ges nokasaredbcTBa Ha ofulee MpelJoweHte, YCTaHABIHBAEMOC
B TEOPHUH JHHCHHBIX anarebpanyedKHx ypaBHeHHi).

2. Byaem 3annceBarh [OC/AEAOBATE/ILHOCTH B BHIC

u}y uﬂ) u;ﬂ! LA A | unw LR | (1)

wm, Kopotku, {#,}. Ecam cyuiecTByeT HarypaibHOE qUCa0 R H
qHCAQ @y, gy ++., @, (AeHCTBHTE/IbHBE H/H MHHMHE), TaKHe,
4TO, HAYHHAS C HEKOTOPOrO HOMEpPA 72 H AJd BCEX C/ACAYIOULHX
HOMePOB,

@, =08, p danlty et T, R=m= 1, (2)

10 mocaemosareabiocTb (1) HasHBaeTcsl 8036PAMHOU n oc.1edosa-
meAbHOCMBIO nOpAOKa R, 4 COOTHOUIEHNE (2) —- 8038pamHbiM
ypasHeHueM nopsdxa R.

Takum 06pa30M, BO3BPATHAS I10CJICNOBATE/IbHOCTD XapaKTEPH-
3yeTcst TeM, 4ro Kawaw# uien €& (naunHas ¢ HEKOTOPOTo H3
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HUX) BBIPAWAETCS Yepes OJHO Il TO ke KONHYeCTBO /% Hemocpen-
CTBEHHO TPEAMIECTBYIOLIHX eMy 4ieHOoB no dopmyre (2). Camoe
HA3BAHHC «BO3BpATHas» (A TAKKE PEKYPPEHTHasA, OT (QpPaHIly3CKOro
récurrente -— BO3BPAMAIOWAACT K HAYATY) YHOTPEGIACTCS HMEHHO
HOTOMY, 4YTO 31€Ch AJIS BHIYHCACHUS [OCAENYIOU(Er0 4Y/eHa BO3-
BPAMAIOTCH K OpeflicCTBYIOWHM u/ieHaM. [IpuBenéM HeCKOabKO
OPHMEPOB BO3BPATHHX MOCAEAOBATEILHOCTEH.

MMpumep 1. Teomerpuucckas mporpeccnus. Hycts
HMEEM T'€OMETPHYECKYIO MGOrpeccHIO:

uy=a, U,=—aq, uz=—ag? ... ,‘_un:aq”“], ..-;} (3

145 #e& ypasueuue (2) npuuimMaer BHA;
un+1:quu' (4}

3neck k=1 u a;==g. Taxnn o6pazon reomerpryeckast npo-
FPECCHs SBJSETCS BO3BPATHOH NOC/AENOBATENBLHOCTHI0O HEPBOT O
NOpsAIKa,

Hpumep 2. Apudpmernueckaasnporpeccud. B cay-
byae apudMeTHueckol nporpecci

uy=a, uy=a--d, ug=—=a-{-2d, ..., u,—a-+(n—1)d,...
HMEeM:
Uy =ty d

— COOTHOWIeHHE, He uMelouiee BuAa ypasuenns (2)*). Onnako,
€CJIH Mkl PAaCcCMOTPHM IOB4 COOTHOMICHHUA, HAOHCAHHBIC a4 ABYX
COCeHHX 3HAYEGHHH #.

_ | _
un+2_‘un+17—d H ”n+}”un+d$

TO MMOJIY4HM H3 HHX, HYTéM NOYJICHHOIO BLIYHTAHHS,

Bypo—8p =8, Uy,
HJTH
ur1+2:2an+1_m “, (D}
— ypaBHenHe BHHQ (2). 3mecs k=2, ¢;—=2, a,—=— 1, Cue

HOBaTE/bHO, apH(pMETHYCCKAS NPOrpeccHst sIBASETCS BO3BPUTHOM
MOCAEAOBATETLHOCTBIO BT O P OT O HopsiIKa.

*) Ilag nocnenHero XapakTepHo TO, UTO B IPaByIO 4acTh €ro BXo-
RAT OAHH TOJABKO 4YJeHBl MOCASJOBATENBHOCTH ¢ MIOCTOAHMBIMH KO3Ddhu-
IHEeBTAMH IIPH HHX,
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[MMpusep 3. Paccmorpum crapunuyio 3amauy Pubonayun *)
0 YHC/JE KpOJaHKoB. B Hell Tpebyercs ompemeauTh 4UCI0 Hap 3pe-
JHIX KPOJIKOB, 00pa30BABUWIMXCS OT OXHOHM Maphl B TeYeHHE roaa,
€CJTH M3BECTHO, YTO KaxIasi 3pesad llapa KPOTHKOB EXeMeCsIHO
POWIaeT HOBYIO IAPY, NPHYEM HOBOPOMIAEHHEIE IOCTHTAIOT HOJI-
HOH 3PEJIOCTH B TeYeHHe Mecsaua. B 3ToH 3amaqye HHTEPECEH OTHIOLDb
HE Pe3y/IbTaT, MOJYUYHTb KOTOph COBCEM HETPYAHO, HO MOCACLO-
BATEALHOCTD, uJIeHB KOTOPOH BhIpawaloT ofulee 4YHCA0 3penhix
3P KPOIHKOB B HAYa/bHLIH MOMEHT (u,), yepe3 Mecdl (Z;), yepes
aBa Mecsiua (#g) u, BOOGuLe, yeped i1 Mecsiues (#,41). Ouesnnno.
yro #;=1. Hepe3s mecsu npuGABUTCSI Hapa HOBOPOWAENHBLIX, HO
“131¢710 3pennx map Gyser npewxuee: u,=—1. Yepes msa mecsua
KPO.1b4ATa MOCTHIHYT 3peJOCTH H ofulee YHCA0 3penHx mnap Oyier
PABHO IBYM: #£=—2, IlyCTb MBI BBIUHCIMJH YKE KOJHYECTBO 3pe-
IbIX Nap 4depe3 n-— 1 Mecsques —u, H UYEPE3 7 MECIUSR — Uy,
Tak KaK K 3TOMy BpeMmedn u, paﬂee HMEBUINXCS 3pe/bX nap
AQRYT ewE u, map NMPHIVIOA, "o yepes n-}-1 mecaues obuiee
HHC. 10 3penblx nap Oyaer:

Uppos=—Htpty —'[—un' (6)
Orciona

Uy==tg-tuy =38, u,=—u 4 u,=>=5, wy—=u,-t+u,=3,
u-{ _— u(j + u5 1 3) LI
MBI g0yt TakHy 06pa3oM [0C1ed0BaTEIbHOCTh

ul_:l, uzzl, HS?-:Q, 4———3 l
uy;==95, u;,=8, u;==13,...,

(7)

B KOTOPOH KawAbii 1OC/JeAyIOwIHH 47TeH PABEH CyMMe [BYX Mpe-
abiayuiax. [locaexoBarenbHOCTL 3Ta HA3LIBACTCH  1OCALA08aME Ab-
Hocmbro Dubonanyu, a 4ieHb eé -— gucramu Dubonayyu. Ypas-
Hexue (0) MOKa3bBaeT, 4TO MOCAENOBATENAbHOCTH PuOOHAYYH €CThb
BO3BPATHAS 110C/e0BATENBHOCTE BTOPOT O MOPSIKA.

MMpusmep 4. B xauecrse c/MEAYIOLIETO NPHMEPA DPACCMOTPHM
HOCTEAOBATEABHOCTL KBAAPATOB HATYPAJbHBIX YHCE:

uy==12, 1,—22 u,=3% ..., u,—=n? ... (8)

*) Pudoxauyy, Han Jleomapmo [luzamckuil, — HraibAHCKHH cpenHe-
BeKOBLIH MaTeMatHk (okoao 1200 r.)—ocrasui nocie ceba xuury «O6
adake» (Liber abaci), cogepmauiylo odmupHble apudMeTHYecKHe H aiare-
OpaHyeCKie CBejleHuf, 3auMCTBORBaAHHbLIe ¥ Haponos Cpeaned Asuu u BH-
3AHTHHAIGR M TBOPYECKH UM nepepabOTaHHBIE H PasBHTBIE.



3nech #,, ,=(n412-=n?4 on-41 u, clenosarenbHo,

Uy ==U,-2n11. (9)
YBe/qHUHBAS 7 HA EOHHHLY, [OJYyYHM!

un+2:un+1+2n—|—3. {10)

U, cremosareabHO [BLIYMTAS MOUNEHHO (9) u3 (10)],

Uppo 78y = B8pyr1 ™™ n+2
UK

gy =20ty — U, 2. (11)
YeeauunBas 8 papenctse (11) 7 #a exunuuy, Oyaem HMeTb:
aﬂ~r3:‘:2an+2'—'un+1+2; (12)

oTkyna [sbiumtas moutexdo (11) us (12)]

Bpjs— Uy, == 2un+2 o 3arz+1 _i" u,,
H/TH

u"—l—3—”:3”u1~2 - 3a’n+1+un' (13)

Mur nony4u/aH BO3BPAaTHOC YPAaBHEHHE TPEeTber o Nopsika.
Cnenosate/bHo, HOCAEAOBATE1bHOCTL (8) ecTh BO3BpaTHasd mocjae-
MOBATEIbHOCTb TPpeETbero mnopsaxka. IlomoGuum e oOpasom

NOKHO yOEeXuThCS B TOM, 4TO MOC/ACXOBATENbHOCTH KyGoB HaTy-
pasibHBIX 4HCEN

928 33 ... m, ... (14)

eCTb BO3BPATHAS] LOCAEAOBATE/NbHOCTb HeTBEPTOT O (IOPsAKE,
Ynenn €& YIOBJETBOPSIOT YPaBHEHIO

ptg=—- 41!,;_3{_3 — 6un+2—[—4un+l--—~ uu, (15‘)

KOTOCO€ MPENJAraeM BHIBECTH HHTATENIO.

Mpumep 5. K Bo3BpaTHHIM OTHOCATCS BCE MEPHONHYCCKHE
nocjaenoBarenbHOCTH.  PAacCMOTPHM, HAMPHMED, [OCAEIOBATEb-
HOCTh 1P AECATHYHOTO Da3JIOKEHUs YHCJI3

761

]332_0 57132132132..

3nech
Vo2 By uy==T, uy=1, wu,=3

— s
o
e ol

u5:2, ut‘,'::]~ [l7‘-'_—‘ Y e e .



QOueBnnHo, YTO

Upyps==l, (n = 3). (17)

YTo0n NPEACTABHTh ITO YPABHEHHE B BHIAC (2), mepennuieM ero
caenyioum oOpasoM:

an+3:0'un+2+0'un+3+ 1-a,

Orciona BHILHO, YTO 3TO BO37PaTHOE YPaBHEHHE TPETbLETO
nopsiaka (k=3, a,=0, a,=0, a;= 1). Urak, nocaemosarenn-
wocts (16) ecTb BO3spaTHas 110C/EAOBATENBHOCTD TPETEHZIO

nopaaKa.
[Ipumep 6. Paccmorpum Temepb NOCTEN03ATCIbHOCTD K03¢-

Q)IHUIQHTOB q4CTHOTO OT m2JeHus JABYX MHOrQYJEHOR, pacno.10-
WEeHHBIX 10 BO3PACTAIOLIM creneHdM X, HyCTb

Px)= Ay} Ajx - oo - A
Q(x)=By4Bx+ ...+ Bx" (Bo =~ 0).

Byxem neants P(x) uHa Q(x); ecan P(x) une xemrcs
#a Q(x) 6e3 ocraTkd, TO HEJEHIC MOKHO 1PO/C/KATb HEOrpa-
nuyento. B wacTHoM odMd 32 Apyruv OyayT 1OJAY4aThCs H/ICHH:

D0+D1x—[—D2xz—{~D3x3—[— .o —{—an"—}— “oe
PaccMOTpHM [OC1EA0BATENLHOCTD
u1: DO’ uzle, « 8ty u'l:"Dn___l, .. (18)

N JIOKAWEM, YTO OHA SBANCTCH BO3BpATHOH NOpsIAKA R (HAIOMRHM,
qtro % ecTh CTenelb HeJITeNs). Ilna sToft nenu GUKCHpyem NPO-
#3B0.1bHOE HATYpPAabHOE 4YHCJIO 72, yﬂosneTBopﬂiomee CANHCTBEH-
HOMY YCJOBHIO n;z.l—-——k—%— 1, u ocTaHoBHMCH B hponecce Ae/ae-
qusl Ha uJede YacTHOro, COACEKAUICM x"+k  Torma B OCT4TKE
noayqynics HEKOTOpPbLIH MHOrO4YJICH R (x), cogepxawuit x B CTe-
[ICHAX BHIIE, 4eM n—{—k. ZanHCcHLIBAS COOTHOILLICHIIE MEXAY AE/AH-
MbiM, AEJAHIe/]eM, uacTHLM H oCTaTKOM, [OAYy4YHM cjaeayloulee

TOXKIAECTBO:

.40-|——...-J|—AlxI:: -
=(Byt+ ... L Bx) (Dot - - D, ") 4= R (%).

Haiingy ko3dpduuuaThl NIPH xt+%k g nmeBoi W rpaBodl vacTAxX
9TOrQ0 TOXIECTRA H MCLHPABHIEM HX MEWKAy coboit. Tagk Kax
n-4-kz==1-41, To KOIPPHUNEHT MPH x?+k B jesoll 4acTH pasen
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nysmio. [losTomMy JjomkeH pasHATbCH HY/HO R koapdHiHeHT npu
x"+% g npasofl yacti. Ho uneust ¢ x™+E conepwatcesi 31eCh TOABKO
g upomssenennd (By-- ...+ BxH) Do+ ... D, x"*%)
[octarok R (x), KaK Mbl YKa3biBalH, COACPKHT X B Gosee BHICO-
kux creneusx]. ITosromy HckoMmblil KOS(QHIHEHT eCTb

Dn+kBU—[_Dn+k—lBl+"'—[—Dan; (19)
110 NMpedEAYHIEMY OH NO/DKEH DPABHATBCA HYJIO:
D, B+ Dn+k—-IBl+ oo+ DpB,=0,
oTkyma (scmomumM, 4T0 By == 0)

B
D --'B—(‘)Dﬂk_‘_...,—-—o (n=1-—k--1). (20}

n+k:

310 — BO3BPATHOE ypaBHeHHe MOPAAK A K, OTKyNA H CIENyeT,
yro mnocaenosateanHocts (18) ecThb BO3BpaTHafg NOCASIOBATE/Ib-
HOCTb OpaAmKa k.

3. M3 Bcex paccMOTpeHHHX IpHMepos nanGoiee oGuiai Xapax-
tep umecer npumep 6. llokaxem, 4TO npou3sOABHAR B036PAMHAS

noCAe008aNe AbHOCHb NOPAOKA R
Uy, Ugy ..., U

(21)

y n,--.,

vA0B8.1emMBOPLIOUAA YPABHEHWIO 610
un+k:a1uﬂ+k—~l+ A +akun (n}ﬂl; 1)’ (22)
cognadaest ¢ HOCALO08AMENBHOCHBIO K03QPUIUeHINOE HACIMHOZO0,
NOAYHEHHOZO Om OeAeHiLs HerOMOpPOZo MHOZ0UAEHA P(x) ra mHo-
2041eH
Q(x)=1—ax — ... —aux~ (23)
[TycTb 72— 1HPOM3BO/IBHOE HATYPAIbHOE HICAQ, YIAOBACTBOPHIO-

wee ycaAoBHI0 22 > k-b-m-—2; YMHOKHM MHOTOUIeH Q(x) Ha
ayt-uyx S-ugx? L -, g x7 Tloayum:

(1 — ayx — @px?— . .. — a,xF) (uy - 1,0 —
—']— e +uk+m——1xk+m—2+ L +un+1xn) =
== [u; 4 (4 — au)y x4 ... -

+ (uk+tzz—1 - a’luk.,_m_z e e e T ak”m-—j) xk+m-2]+
+[(ak+m'” LTI R akam) xk+m—1 __[_
—!—*. . '-{-— (unﬂ———alun-—- e ak?n—k-;-l) xn] L

— ey, ety ) X -auu,, X" (29)

3jeck B 1epBOil KBagpaTHOH CkOOke HAXOMHTCA MHOIOWJIEH
¢teneny He Boime [——=Fk-+m-— 2, xosdpuuUHEHTH KOTOPOro HE

10



3aBHCHT OT B3ITOrO0 HAMHM YHCAz #; Mbl 0603HAYMM ero yepe3 P(x):
Px)=1u, + (1 — ayuy) x -+
+ LI +(uk+m_l - aluk_*_m_*z_ LR T akllm_l) xk+m—2. (25)

B cnenyloleli xkBaapatHoit ckoGke HAXOAMTCS MHOTOYJIEH, BCe
KO3(PHUHEHTH KOTOPOro paBHBl HYAK, B CHAY paBencTsa (22).
Hakouen, B nocieaneil ksaapaTHOH CkOOKe S4K/IOYAeTCH MHOrO-
YIeH, Ko3(dHuuHeHTE KOTOPOro 3aBHCAT OT #; OH HE COAEPKHT
uneno crenenn nmie n-4-1, OGosnauas ero uwepes R (x),
nepenumeM toxixecTso (24) B BHxe

Px)y=(1 —ax—ay?— ... —ax%) (4, 4+ x4
4.y, R, (x).  (26)

Orciona Buano, wro uy-fupx ... 4-u, ,x" npencrasaser
qacTnoe, a R, (x)—ocraTok oT menennd P(x) Ha

Qx)=1—ax—a®— ... —ax*,

gy lo, .o., W, U

7 nyly o -

JeHCTBHTE/BHO $BASETCA IOC/AEA0BATENBLHOCTBIO KOIDDUIINEHTOR
JaCTHOTO, NOJY4aeMOro OT Hellennst MHOrowJeHa (25) Ha (23).
B BHae npHMepa paccMOTpuM nocsenoBatebHOCTE Pubonayun:

=1, =1, u3=—2, u4,=3, ua;=35, ...
Tak xak €& ujeHbl YAOBJETBOPSIOT YPaBHEHHIO

un+2:un+1+un (Il,>,1),

10 3aech m=1, k=2, a;=—1, g,=1n Q(x)=1 —x —x3.
Muorounen P(x) momxeH WUMeTb CTelleHb He  BHIIQ
k4m—2=1. o dopmuyae (25) nonyuaewm:

Pxy==1-4(1—1-1)x=1.

Vitak, umcna Pubovayun cosHafaloT ¢ 110C/Ae40BaTE/AbHOCTBIO
kKo3GduinenToB yactuoro ot menesus 1 ua 1 — x— x2.

4. Onun M3 BONPOCOB, KOTOPLIH NMPHXOANTCH pellaTh B Kyple
CpexHeil NIKOJbI OTHOCHTEAbHO apHPMETHYECKOR H reoMeTPHUYECKOH
IpOrpeccHHt, & Taxwe IIOC/AEAOBAaTE/IbHOCTH KBaJApaTOB HaTYypa/bHBIX
YHCeJ, 32KJI0Y3eTCs] B OTHLICKAHMH CYMMBl 7 4JIGHOB KaXA0d M3
THX [M0C/JIe10BaTEJILHOCTEH.

- Mlyers, BOOGuIE,

ly, Upyooo, Upoo. (27)
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— BO3BpATHAs 10CJIENOBATENBHOCTL MNOpPHLKA k, u/ieHBl KOTOpOH
YZOBJAETBOPAIOT YPaBHEHHIO!

Upar™ Al p by + azun+k—-2+ e + iy (n= ). (28)

PaccMOTPHM HOBYIO NOCJIEA0BATENbHOCTb, 06PacOBAHHYIO CYM-
mamu S, uncea (27):

Sy= 1y, 32=u1+u2" .y S”—_::lll—-l—llz—-I—. . .—]—un,. ..y (29)
§ TOKDKEM, YTO 3Ta NOC/JeLOBATENBHOCTD CYMM HBJACTCH Taiuke
BO3BpATHOH, Topsiaka k-}-1, mpHuéM eE wieHbl yA0BJICTBOPHIOT
ypasHeHHIO
Sn+k+1 - (1 _‘_ al) Sn+k+
+(a2_ﬁal) Sn+k—1+ ve +(ak'—'ak—-1) Spi1 " Sn (30)
Jlns nokasaTenbcTBa 3aMETHM, 4TO
al—--—:—_Sl, uz—:-82—"u1:Sz_-—Sl, . e e l

ety =8, — ()= S - J

TMonaras sy==0 TaK, 4TO & ==S§;— Sy, ¥ NOACTABIHH B ypaB-
nenne (28) BvecTo u#y, #y, ..., Uy ... UX BLIPAKEHIH yepes
Sgy Sty = evr Spr ooy NOAYHUM:

(31)

o
Sprk Sptr—1— 4 (Sppp—y— 3n+k_.2) -+
+ @2 (Sn+k—2'_'sn+k—3) +. . A ay, (S, — Sp—t)s
OTKYZAa
Sw+k=(1 +a1) sn+k—1+
~+ (@2 — a,) sn+é—2+ s +(ak_—ak—1) Sp—— 5,4 (n=m),
wiH, 3aMenss 34ecp # uyepe3 21t
Sn+k+1=(1 +a) 3n+k+(‘12"" a,) S,,+k_1—-|—. oot
+(a,—a, ) Sy — S, (=m— 1).
10— BO3BpaTHOE ypapneiue nopsaxa k—-1.

[TpnBenémM HECKOALKO MPIIMEPOB:
a) TeoMeTpuueckaqg NporpeccHs, 3neco u, = aq""!

ns, =i tuyt.. . Fu,=a-tagd-...J-ag"" " Tax xax
uaenw {u,} YILOBNETBOPHIOT YpaBiuemo BuMa i, , =qi, TO
yieHs {S,} AOMKHE YNOBAETBOPHTL YPABHEHIIO

Snie™— (1 + q) Srr—}-l—qsn' (32)
6) MocnenopaTenpHOCTL KBaAPATOB HATYpaab:
Hex dncesa. 3aech g,—n? n §,=1-}224.. . J-n? Tax
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Kak uleHn {u,} YAOBJETBOPHIOT yPaBHEHHIO
un+3:3un+2'—_3un+1+un
(cM. cTp. 8), TO uwnens {s,} YAOBNETBOPHIOT YPABHEHHIO BUILA
Sn+4:;4'sn+3"_' 65n+2+ 48y 01— Spe

B) UYncna ®ubonauyM. Tak kak OHH YAOBJETBOPHIOT
ypaBHeHH!IO
un+2: urH—l + un’
TO CYMMH MX §, AONKHb yIOBJETBOPSTE YPABHEHHIO

Spya ™ 2SrH—?. T Sy

5. B cayuae npocTe#ilinX BO3BPATHLIX 0C/€10BaTeNbHOCTE y
Harpumep apudMeTHUeCKOH 1 reoMeTplyecKo nporpeccu#, 10-
c/e10BATe/AbHOCTH KBAApaToB HJH xky0oB HaTypajibHbIX 4HCEMd,
a Taxke TepHoanyeckuli nocnenoBaTenbHOCTH, MBI MOXeM Haxo-
auTh J1060H dYaeH TNOCAENOBATE/bHOCTH, HE npuberas K BhIYH:
CAGHHIO MPEIECTBYIOUIHX YICHOB. B cayuae Xe MOCHeLOBATE/1b
noern uncea ®nbomanun  uam  obme# noc/se 10BaTeabHOCTH
k03 PHUHEHTOB HACTHOTO OT AesieHHs NBYX MHOrPQU/JEHORB, MBI, -Ha
MepBL B3r/sfd, HE HMMEEM BOIMOWKHOCTH AN 3TOr0, M 4TOGH
BLIYMCAHTL  TPHHAALATOE  YHCIO $duboHauuil ;s HAXOLHM
HpeABAPHTEbHO, OAIH 33 APYTHM, BCE IpellecTBY IOUHE HACHI
(M01B3ysCh YPABHEHHEM U, , ==, )

g, =1, uy==1, u,=—=2, uy=23, U, ==09, uy =28,
u, =13, g ==21, ity == 34, i, == 950, u,, =89,
u12:-:14'4, u13:233.

JafiMBMCcst Telephb AeTadbHEIM HCCACAOBAHHEM CTPYKTYpH 4/e-
HOB BO3BPATHOH MNOC/TELO0BATENBNOCTH U B pe3yabTaTe I10J1y4HM
opMy/ibl, TO3BOASOULIE BHUNCAATD B camom ofwem cayuae Jalo-
Golt uaeH BO3BpATHOI NOC/ACIOBATENBHOCTH, HE npiberast K Bbl-
qUCAEHHIO TPEAIIecTBYIOUHX YneHOB. ®opMyasl ITH MOWKHO Hyner
paccMATPHBATB, Kax Aa/jeKO HiywHe obobmenns ¢opmyn A
obliero uJena apigmMeTHUECKOA HH reoMeTpHYeCKOH 11pOrpeccui,

MycThb

Ty T alun+k-—1+a2un+k—-2+‘ . '—l—'akun (33)

— possparHoe ypabHenme mopsixa k. Ecam OHO BLINONHAETCH
AJIst BCeX HarypajbHbIX spauenqnit n=1, 2, 3, ..., T0, OO HB
n=—=1, nO.ay4imM.

Hpe1 ™ ayit, + azit, .. Aaun.
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Mrak, 3uad u;, #,, ..., &, MOKHO BHUHCTHTS 4, . [lona-
raf 3aTeM B ypasHeuun (33) n—=2, Haliném:

Upry =l Vst . . au,.
Cnenosare/bHO, HAM M3B2CTHO Terepb H 3HAYEHHE iy, ,- BooOuie,
eCMH M — KaKoe-nG0 HATypasibHOE YHCJO, H MH BHIYHCIHIR Ve
YIEHH TOC/I@N0BATE/ILHOCTH

ul! u29 vy uk! Ilk—*—l’ sy um-l-k-—l’

TO, mojarast B ypaeHennu (33) #=—=m, Mul Haliném H3 Hero cne-
AYOUIHA 4/eH 4, ke

Wrak, uneH Bo3BpaTHOH M0C/A€A0BATENLHOCTH Mopsiaka &,
YIOBJIeTBOpsitOLIel ypaBHenHto (33), onpemensioTcid eAHHCTBEH-
HbIM 0GpasoM C IOMOW(LIO 3TOrO ypABHEHHH, €C/IH H3BECTHH Ilep-
BbiE K WICHOB TIOC/IE€ZOBATENBHOCTH: &y, U2, ..., u,. BuiOupas
HX pa3/HyHbIMA cnocoGamu (3ToT BLOOp He ¢BA3aH HHKAKHMH
OTPaHHYeHHsIMH), MOXKEM MOAyYyHTh GECKOHEUHOe MHOKECTBO pas-
JMYHLIX NOC/I€A0BATE/IbHOCTEH, YIOB/ICTBOPSIOULEX ypaBHeHHio (33).
HMx passmune mexnay coGoli GymeT MHPOSBANTbCS ywe B [EPBHIX
B dnenax (no kpafine#t mepe, B omHOM H3 HIX) W Oyxer oGwa-
PYXHBATLCH TaKwe H B JaJpHeHHIAX 4/eHax.

Tak, sanpamep, ypaBHenuio nepsoro mopsika
un+}:qun

YOOBNETBOPAIOT BCECBO3MOXHBIE TCOMETPHUYECKHE I[IPOrpeccHH  Co
3HamMeHatesJeM ¢ (OHM pa3AHyalOTCHd APYr OT APYra 3HAYECHHAMH
NepBOro YJEHA &;); YPAaBHEHHIO BTOPOrQ IMOPALKA

un+2: 2“n+1 i,

(nan #,,,—4,, ,—4u,, —4,) YIOBICTBOPSIOT BCEBO3MOWKHHIE
apudmMeTHYECKHE NPOrpeccHy, pa3/inyalouiMecs IPYr OT Xpyra,
A0 kpafiHeli Mepe B OXHOM H3 uneHOB #,=—a H uy,=—a-|d, H,
¢jleZ0BaTeNbHO, pasanualrouipecs JAnOO0 3HaueHHeM I[epBOro d4Jje-
Ha (a), 160 3HavYenHeM pa3’ocTH (d), Mbo TeM H XPYTHM BMECTE.

PaccMorpuM eld ypaBHeHHE BTOpOro mnopsiaka
un+2:un+1ﬁ_un'
Emy, kpome nocienosatespHOCTH Pubonauun:

1, 1,2 3,5, 8, 13, 21, 34, ...,

YapakTepusylolefici TeM, u4To 34ech l;==i,==1, yROB/IETBO-
paer emd GeCKOHEYHOE MHOWKECTBO JPYLHX MOC/AeR0BaTeNbHOCTEN,

14



101y alOLLAXCsl TPH Pa3IHYHOM BhIOOpE 3Hauennft u, H 4y Tak,
#arpaMep, NpH &, ==—3 H #p==1 noay4acM TnOCIEN0BATE/Ib:
HOCTD!

——3; 1’ "'_'21 "_11 '__'3y '""_'49 '""_'7’ —“111 —*'181 _'_—29a ..

[ycts Mul HMeeM HEKOTOpOE KOJHYECTBO 110C/1€ 10BaTEIbHO-
cTell, yAOBNETBOPSIOU(HX OAHOMYy H TOMY e ypaBHEHMIO (33):

'UI) Xay ooy xﬂ’ ’
BATES 41 ---nyﬂ, ..y
(34)
zla 221 LECAES z,ns
Toraa BHIIOJAHAIOTCH ypPaBHEHHS:
P | .
STTY S alxﬂ+k—-1+a2xn+k—2—r‘ ) + %tn \
yn+k:a§yn+k-ﬂ1+aZyn-g-k—e—‘_' . '+akyw , (35)
J— |
zn+k—'aizn+k—1+a2’zn+k~*2+ v T Qg
BoapméM mpousBosibHbie uHcaa A, B, ..., C, no umcay mo-
cnenopatenptocTeli (34), yMHOXHM BCE "WIEHb NEPBOr0o U3 ypas-
Heun# (35) na A, Broporo Ha B, ..., MOC/A€AHRTO Ha C n cno-

wnMm. Toraa nojlyydM paBeHCTBO.

“4xn+k+Byn+k+' : + Czn+k:
=a(Ax,, e+ Byt A C2p )+
+a2 (Axn.}_k—-g_l" By'n+k—2 + < —l_ szn—{-k—z)"l“
4. . .Aa,(Ax, -+ By, t+ .. - Cz,). (36)
U3 hero cJaeayer, 4TO 10OCAeQ0OBATE/AbHOCTD
r,=Ax;-+By;+ .. . 4-Czy, )
ty = Axg+4 By, + .. .+ Cz2

e (37)
tﬂ:Axﬂ_}—Byn_’—"'—%—Czﬂ’

gonyualoL(@scs M3 NocienoBaTe/bHOCTeH (34) nyTém yMHOWeHUH
BCeX WIEHOB repBOH M3 HHX Ha A, BTOpo# Ha B, ..., nocaeaHel
4a C ¥ 3aTeM MOUYICHHOTO CIOKEHHS MOCIeR0BaTeNbHOCTEH (MepBLIX
4JIeHOB C MEPBbIMH, BTOPbIX CO BTOPHIMH H T. Ji.), YAOBICTBOpSCT
panHomy ypaBHedHio (33). [101p3ysCh POH3BOOM B BaIOOpe uHCeA
A, B, ..., C, Mu moxeM, H3MeHfii 3ITH 4AC/Aa, MO1y4athb, BO-
o6uie TOBOpH, Pa3nHuHbie 3HAYEHHH HICHOB £, ta, tg, ...
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IIycts Tenepn
(38)

— Kakag-1modo 10c/Ae:10BaTebHOCTD, YAOBACTBOPSHIOUIAs ypaBHe-
nmio (33); cnpaummsaercs, #eabas au Hpuaars wnenaw 4, B, ..., C
_ TdkHe 3nauenus, wroOn! NEPBLIE 2 4/1eHOB NOCACA0BATE/IBHOCTH (37)
€OBMa/l GH ¢ TEpBEIMH /£ dieHaMmi nocJezosarensdoctH (38)?
Ecan aro yaacTea, TO 10 mpeanaylieMy COBNAAYT H BCe “WIEHH
nocnenoBaresbrocTell (37) v (38), T. e. wmul 6yj_1ew HMCTb TNpH
MO0O0OM HATYpaJbHOM I

u,=—Ax,—+— By, 4.. .-} Cz,. (39)

Takum o0Opasom, [epen HNaMH OTKPLIBAETCsH  BO3MOMNKHOCTD
(moka rmnoTeTHyeckas) npeacTaBaATb A0 06yl u3 Geckouel-
HOTO MHOKECTRZ NOC/AeJ0BATC/NLHOCTEH, YAOBACTBOPHIOUINX OLHOMY
R TOMY K€ BO3BpATHOMY YDPaBHEHHIO [Op#aAKa &, UCPE3 HEKOTO-
pue uz nux (34), no ¢opmyre (39). Peaimsawus 3TOH BO3-
MOXHOCFII 3aBHCHT OT TOrO, BO3MOWHO Jii nojo0paTh uHCIa
A, B, ..., C 1ak, uTo0L YXOBJIETBOPSINCh YPABHCHHA!

Ax 4 By, +. ..+ Cz =uy,
Ax, -+ By, .. —{—Cm == 1,

quk+BYk+ I (,zk ==y

¢ TPOM3BOJBLHO 3a/aHHBHIMH  3HAUEMHAMH M[PaBbix 4acTel u,,
B, .., Up.

Tak kax HOH3BECTHLIMI 31ech siBadloTcd umcaa A, B, ..., C,
a uncA0 ypaBHeRIH paBHO TOPAAKY A BO3BPATHOTO YPABHEHHS,
TO OTCIOAA CAGldyeT, 4To H KOJIMeCTBO HemssectHhx A, B, ..., C
[a ono coBmagaeT C KOAHYECTBOM TIOC/E10BATENBHOCTEH (34)],
nenecoobpasHo B3NTh TakKke pasHbM k. Mpt 3naes, 4TO Hannuue
pewenuii y cumcremnl & anreGpanmdecknx ypasuenuit (40) ¢ &
nenzsecTHuMin A, B, ..., C 3aBHCHT OT TOro, KaKOBH KO03(-
buueRTh 3TOR CHCTEMB Xy, Vi, .5 21, vuos X Voo oo s &
T. €, OT TOrO, KaKOBhl HauaJ/blible YJennl 1ocaeoBaTe/bHOCTeH (34).
- Peulenue Hamephoe Oyner CyuleCTBoBaTb, NPH MPOH3BOJBHLIX

ui, az) -+ ey un,

(40)

ﬂpaBHx JyacTHax ul, llz, .oy llk, €CJH MH [N0JOWKHM, HaﬂpHMep.
x1:".:1 yI:() C ey 2’1.—:0; -
xz—-—o yl)———l v e ey ZZ:—_:O;

S (41)
xk-'o J’k”—o ""zk“""l I
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B camom nene, B 3ToM ciayvae cucrema (40) opuhimaer
gpocTellunii BHX, cpasy o0HapYKHBAOWNHA pelledue CHCTEMb

A:Ul,
B:tlz,

' &
C:ukl

Koueyno, BO3MOMXEH W HHOH BHIOOp 4ucen
x_‘“ LIS zl,.o-, xk’ s ey Zk,

nmpH KoTopoM cHcTema (40) nmeer pelleHie, KakoBL Obl  HH
6ulIH upaBhie yacTH ypasheun#, Hanpumep, nonowum

x,=1, yy=—=1, ..., z1=1;
x,=0, y,=1, ..., =1

(42)
xkzo,yk::(),...,zkzl. |

Torpa cucrema rMplIMeT BiLAl

A+BA.. .+ C=a,

B4 C=u,
C=u,,
OTKYAA [OCNENOBATENLHO MOMyUaeM: |

C:uk’ . ey B::uz——-aa, A:u-l———uz_

O6pauwasich k o0uemy caydaio, ¢opmymupyem CAeXYIOULYlO
TeopeMy.

Jlasi moz0 umoGsi cucmema k AuHEinblX aA2e0pQUHECKUX
ypasueniit (40) ¢ k neurcecmusimu unera pewsrue A, B, ..., C
u npumos eQuHCmSeHHOe, npu  AIOObLX 3HQUEHUAX NPABHX
qacmeil iy, Ug, ..., Wy, HEd0X00uMO U docmam o, 4moovl
coomsememsyou,an eli 00HOPOOHAS CuCmema -

Ax,-+By,-}...4-Cz;==0,
Ax,-+ By, +. .. Cz; =0,

Aty By, o C2y=0

Q2 BossparHsie NOCHEROSATENLHOCTH 17
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umeaa 6w OOHO MOABKO HYAesoe peuserue *):
A=B=.,.=C=0.

YuTatens N€rko npoBepHT, 4TO YCJIOBHE 3TOH TEOPEMH BbI-
MOJHAETCH B YacTHeIX cayyaax (41) u (42). B nanphefimem Mmu
CTOJNKHEMCH €O CJIy4asiMH, B KOTOPLIX BbICKA3aHHOE IIpelJo-
WeHne Okawercs rnonesuniM. [loka we Oynem npocto omHpathes
Ha TOT GaKT (yCTaHOBJIEHHHHA HEe3aBHCHMO OT mocJjexHell TeopeMnl),
4TO BCETHA CYUIECTBYIOT YHCAA X3, «v.y 2y, «vuy Xpy ouey 24
[HauanbHble  unenst  nociemoBatenbhocted  (34)], Takme, uTO
cucrema  ypashenn#i (40) wumeer peumreHus npH  NOOHX
Uy, Uy v, U »

Ecnn uncna takoro poxa BHOpaHnl B KadecTBE HAYaJbHHX
'WIEHOB rocjenoBaTenstoctet (34), To, mo npeabixyiiemy, JioGas
NOCAENOBATeNbHOCTh, YAOBJAETBOPHAIOUIAA BO3BPATHOMY YpaBHe-
arto (33), Beipasutcd no dopmyne (39), raeuncma A, B, ..., C
onpeaensitorcs u3 ypasHeHn#i (40). Cucrema k& mnociexosarenn-
nHocte#t (34), yepe3 KOTOpble uneHnl JI00OH I0CNEHOBATENBHOCTH,
YROBAeTBOpAIOmIEH XaHHOMY YypasHenHo (33), BHIpaWaloTCH IO
dopmyaam (39) (1. e. nyrdv YMHOXEHHS HA HEKOTOpbe YHCA
A, B, ..., C u cJoxennd), Ha3elBaeTcd 0a3ucomM BO3BPATHOTO
ypaBHEHHA., -

W3 m3n0eHHOrO cheayeT, YTO Kaxa0e ypapHeHHe oOJ/anaer
6a3ucoM, KOTOpHH MOXHO BHOHpaTh mo-pasnomy. Hanpumep,

*) ¥YkasaHHoe npepjomeHue YaoO6HO TeM, 4TO OHO He Tpebyer
0As CBOEro ApHMeHeHHd 3HaKoMCTBa ¢ Tteopueil omnpeaeantenci, Jlas
qdraTend, 3HaKOMOrO C 3TOH TeopHed, HarOMHHUM, 4YTO AAS CYLIECTBO-
BaHHA pelieHds cuctembl (40), apu nOGHIX 3Ha4eHUAX NPABLIX JacTei

ITHX YpaBHeHHH, HEO6X0AMMO H JAOCTATOYHO, 4YTOOM ofpeaendrens
CUCTEMBI -

62 4 SRR
X Ay el 2
R MO 2
Xn Yn - Zp

6bi1 OTAHYEH OT HYAd. IDTO KE YCIOBHE HeoOXOJHMO H AOCTAaTOMHO
115 TOTo, 4TO6H pemieHue cHcrembl (40) ABAAIOCH €AUHCTBEHHBIM IIpH
KaKHX-A460 PUKCHPOBAHHLIX NpaBLIX YacTax (HafpHMep, paBHBIX HYIIO).
TaxuM 06pasoM Aaf CHUCTEMbl &2 JHHEHHBLIX YpPaBHEHUH C A HEH3BeCT-
HhIMH YCAOBHSl CYIMESCTBOBAHMUA PpPelleHus Npd JMIO6LIX IpaBbIX 4YacTAX
COB(AAAI0T ¢ YCAOBHAMH €AUHCTBEHHOCTH PeElICHAd MPH HYJIeBHX fpa-

BLIX 4YacTAX. MIMeHHO 3TOT (paxT ¥ BHIPAXKEH B NPEqNOWeHHH, TpPHBe-
ABHHOM B Texcre.
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CHCTEMW ¢ HA4YANbHHIMH YJICHAMH!

1,0,...,0 1, 1,...,1
0,1,...,0 0,1, ..., 1
wame L.
0,0,...,1 0,0, .. .,1

) )
06 pasyloT 6a3HC IPOH3BONLHOrO BO3BPATHOI'O YPABHEHHS HOPSAKA K.

[ToxBexéM HTOrH cxasasHoMy B m, O.

Lan Kaxdozo 8033pamno20 YypasHerus nopsadxka k cywecm-
gyem OeCKOHEHHOe MHONCeCMBO PA3AUMHHX, YOO8ACMEOPAIOUUX
emy nocaedosamessrocmeli. JIiobyw u3 Hux MOXCHO cocmasume
u3 k nocaedosamenssrocmell, YO08AeMBOPAIOWUX IMOMY YpasHe-
Huio 4 o0pa3ywwux ex0 0asuc, nymém YMHONCEHUR KasxicOol
u3 k nocsredosainesvHocmell COOMBEMCMBEHHO HA HEKOMOpue
gucaa A, B, ..., C u nousenHozo ca0ceHus.

Tarxum 06pa3omn 04R NOAHOZO PeuicHUT 803BPAINHOZO YpasHe-
Hun nopaoxka k Oocmamouno Haimu auwy KOHeyHoe Hucao R

ydogaemBopaowux emy nocsedosamesbHOCmel, o06pa3yiouux
6a3uc 3mozo YpPasHenus.

[TosicHMM cKka3aHHOE [IPHMEpPAMH.

[Ipaumep 1. Ilycts mano Bo3BpaTHOE ypaBHEHHe BTOPOTO
HOpsiAKa:

Uppy==2My - Uy

Ero 6asuc no/mKen cOCTOATL H3 HABYX IIOC/IEHXOBaTeNbHOCTEH:

xl’ xz’ xa, LI xn’ L |

yl! )’z, y3$ " e ay y”, “ e

Mo BiGepem HX, MOJI0KHB

»

x1=1, x,=1 n y;,=0, y,=1.
Tak kax BOo3BpaTHOE ypaBHEHHe, TEpeNHCAHHOE B BHIE

Bppg ™ 8gy =8y —

NOKa3hiBaeT, YTO Pa3HOCTh COCEHHHX 4WIEHOB II0CJIEIOBATE/IBHOCTH
fABAsieTCd  IOCTOSHHOM, T. €. 4TO I[Oc/Je)0BaTeNbHOCTh, YAOBIE-
TBOPAIOUIAH JaHHOMY yPABHEHHIO, HeOOXOMHMO fIBAdeTCH apHdMe-
THYECKOH I1porpeccHefi, TO B ciydYae M0C/eXOBATENbHOCTH {x,}
C HavyanbHBIMH udeHamMn x;==1 H Xx,=1 Mmu nony4aem apug-
METHYECKYIO TPOrpeccHI0 € PasHOCTRIO HYJb, T. €.

1, 1,1, ..., 1, ... (x,=1),
2* 19
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a B ciysae mocaenosatenshoctd {y,} ¢ HaualpHHIME  WIEHAMH
¥, =0 u y,— 1 — apudmeTnyeckylo MPOrpeccuio ¢ [a3HOCTDIO,
paBHOH enHHHuIle, T. €.

0,12, ..., n—1, ... (y,=n—1).
Mo dopmyne (39) unen noGOH BO3BpaTHOR MOC/IENOBATE/L-

HOCTI, YNOBJETBOPHIOWEH RAHHOMY YpPIBHEHHIO, MOXET OhITh
npelcTaBleH B BHe

,—=Ax,+By,=A-B (n—1),
rne A ¥ B JMOMKHB GLITh Onpexesientl U3 YypaBHEHHH:
4y =A-{+B(1—1),
U= A+ B(2—1),

Orcroza

H, CJe[OBaTeJILbHO, 7
u,=u 4 (n—1) (g, —u,).

D10 ¥ ecTb obumas opmyna LA ujseHa M060H M0laeR0BaATENDb-
HOCTH, YXOBJETBOPSIOLIEH yPaBHEHILIO

=2

el Y

u n*

n+2

[Monaras #,—a, u,— u;==d, Mmul npeiucrasuMm et B BlJE:

unza—j—(n—— )d.

70— H3BecTHad GopMyna Aas obwero ujeHa apndMmeTHyecKol
POrpPecCHH.

[Tpumep 2. PaccmoTpum Hpyroe BO3BPaTHOE YypaBHeHHE
BTOPOro MOpsIKa:

e S + @,

Monaras x;=—1, x,=1, noiaydum ywxe 3HAKOMYI0 TOCJeXOBA-
TeabHOCcTh PHOOHAYUH:

1, 1,2 3,95, 8, ...

B kauectse BTOpOH [0CACNOBaTENbHOCTH, BXOMsilled B COCTaB
6a3rca, BO3bMEM I[MICALA0BATE/IBHOCTS {yﬂ}, ag koropoit y,==0
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u y,— 1. Bynem HMETb:
y3:y2+y1:1! 4——y3+}’z—2 }’5——)’4—|—y3-—3 « v

3nech yz_:x],ys_kxz, PyT==Xg, Yp= X4 .o+ W BooOGue,
Y, =%, (n=2, 3, . .). B camoM nene, ec1H Mul ywe ycTa-
HOBHJH 3TH PABEHCTBA IlJ]S! BCeX 3Hadyenui n<m—|—1 TaK, 4TO,
B HYACTHOCTH, Y. 1==Xpm Ym™= Xm—p TO B YVpoo IOJYHHM:

ym+2:ym+1+ym:xm+xm-1: X1

T. e. HPeANoJaraéMHe paseHcTsa CNpaBeIuBb H LA n=m-2.
Urak,

Yp=2x,_, (=2, 3, ...}

[losToMy nag a000H MOCAEROBATE/IBHOCTH, YLOBNETBOPAIOLEH
YparHeHnIo

Uprog™ %n4q ~+ s
naxoauM 1o mpeabinywmemy [dopmyna (39)]:
I u,=—=Ax, ~+ By
rie A u B onpemelsioTcs H3 ypaBheHHH
iy = Ax;~+ By, =4,
ty==Ax,+By,=—=A-+ B,

A=u, B=un—u

OTKYJa

== 0 X, (g — 1) Yy
[lpn n>==2 y, MOWHO 3aMEHHTH Yepe3 X,_;, OTKYyna

i, ==X, + (83— thy) xﬂ__l (n=2),
HIH

é4,— 4 (xfn Xp— 1 +a2 n—1"
[Mpu n=3

xn:xn—l_l_xn—z’ T. € Xy Xy 1= %p—y

H, CIENOBaTeNbHO,
U, ==U1X, o~ UsXy_y (n == 3).

Virak, uieHn M0G0 NOCAexosaTenbuocTH {4}, YAOBIETBOS
psomed YpaBHEHHIO

Uppa =8y + Uy
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BHP2KAIOTCA Yepe3 uncsia Puboxauun no Haftxenuoi HaMu opmyae.
B wactHoctn, ecnm 4= -—3, uy==1 (cmM. cTp. 15), TO '

U,==—3x, %, (n=3).

6. llokawem Temeps, 4TO NpM HEKOTOPHX BeCbMa OGLLUX
YC/IOBHAX MOXHO HalTH Gasuc BO3BpaTHOro ypaBHedus (33)

un+k=a1un+k-—1 + azan+k—2 _I— Lo + akan’

COCTOAMIHE M3 R TeOMEeTPHYECKHMX TMPOFPECCHH € pPa3AHYHBHIMH
suameratensiviu. C 3ToR wenbl0 BHIACHHM, NpPH KAKHX YCJOBHAX
HEKOTOpasg reoMerpHyeckas MporpeccHs

xl"_""—'l, x'g:q, . e ey xn:qﬂ—l’ . (q#O). .
YAOBJAETBOpsieT ypaBHeHnio (33). 3aMeuast, 4TO

—_— gtttk -1
x+k_q+ y X

— gt+k-2 —gh-1
n "—'q Yy * = a3 xn_'q

n+ k=1
H MOACTaBAAS STH BeJHYMHH B YypaBHeHne (33) (BMecto «
Uy pheyr + s ), NONYUHM:

qn+k-1___a1qn+k-z_I_aaqn}k-s_l_ oobagn-,

OTKYIa
F =a,q*-! -}- a,q* -2 -+ ... -+ a,. (43)

Urak, 2eomempunecwas npozpeccust moasko mozda modcem
ydosaemsopams gosspamuosmy ypasienuro (33) nopadxa k.
Kozda 3uaMenamens npozpeccur q YOo8aemsopsiem aszebpau-
geckomy ypasuenuto (43) cmenenu k ¢ mesmu e roaghgbunisen -
mamu, xax u 8 ypasHenuu (33).

Ypapuenne (43) Ha3uBaeTCH XaPAKMEPUCHUYECKUM NS BO3-
BpaTHoro ypaeuenus (33). Ecam ¢g=—a —xaxoii-mu6o xopeun
XapaKTePHCTHYSCKOrO ypasHeHnd (AeHCTBUTENbHBIH MAM MHAMLIA),
TO, MOJOXHB

nk

xn=a""1 (r=1, 2, cod ), (44)

OJIyYHM reOMETPHYECKYIO NIPOTPECCHIO C NEPBHIM YJIEHOM Xy — |
H CO 3HaMeHaTeneM @, KOTOpaf YHROBJETBOPAET ypasuenuio (33).
B camoM nmene, no ycaoBmio, & ecTb Kopenb ypasueHus (43),

T. e
a*=aa*-1+ a,a*-*+ ...+ a,.

¥YMuoxaa o6e wactH Ha @"-l, rpe n— NPOM3BOJBHOE HaTypanb-
HOE YHCJI0, MOJAYyYaeM:

a""’k_l=dla"+k_z+azan+k_3_‘_ * . _‘_akan-}1

T. €, NOCNeROBaTebHOCTh (44) yaosnerBopser ypaBueHHio (33).
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MiraK, KaxeaoMy KOPHIO g = a XapaKTepHCTHYECKOro ypasue-
unst (43) COOTBETCTBYeT TeOMeTpHyeckas nporpeccus (44) co
3HaMeHaTeJeM @, YIOBNETBODsOuIask BO3BPATHOMY ypaBnenuio (33).

Y1o6m COCTaBHTb 06a3nc H3 OAHHX JIHIID TEOMETPHYECKHX
nporpeccHit ¢ pasaHyHbIMH 3HAMEHATENAMH, HYXHO HMETh HX
B NOCT4TOYHOM KOJHYECTBE, paBHOM R, a /11 3TOr0 HYNKHO
pMeTh £ Pa3JMYHHX KOpPHEH XapaKTepHCTHYECKOro ypPaBHEHHUS.

IlonycTHM, 4YTO BCE KOpHH XAaPAKTEPHCTHYECKOrO YPaBHEHUS
pasan4HE Mexny Co0oi:

G1==a, =58, ..., ¢,=1-

Torza nonydynm £ reomeTpHyecKux Imporpeccuit, ynoBneTBOPSIO-
urux ypasueunio (33): ‘

LI |

1, a, a2, ..., a*~}, :

LB B ... gL (45)

- . . * r L]

l’ Y, YZ' LI n_i!

[Tokajkem, 4TO CHCTEMa NOCaeHoBaTebHoCTeR (49) cocrasader
6asuc ypasnenns (33), 1. e. uro A4 BCAKOH mocienoBaTelib-
nocT {#,}, YROBJETBOPSIOULEH YPABHEHHIO (33), MOXHO HOMO-
6path Takme uyncaa A, B, ..., C, uro Gynem HMETb IpH

Ji000M 12
u, = Aa"-1- Bgr-1 4. . Oyl (46)
Ins  moKa3aTeNbCTBA JOCTATOYHO NPOBEPHTH, HYTO CHCTEMA
ypasHennit, monyvaembix u3 (45), mpn n=—=1, 2, ..., k.

A+B+ . oe —i_Ciul,

Aa-+ B3+ ... FCy=u,,

Agk-14- BgE-1-. . - CYF - l=u,,

MMEET pelIeHHe OTHOCHTENbHO HEH3BECTHHIX A, B, ..., C npn

MoOLIX 3HAYEHAsX INPaBHIX yacTeil STHX ypasHeHHH, a A/IA 3TOro

8 CBOIO OYepemb AocTarodno (cM. cTp. 17), 4TOGH COOTBETCTBY-
Iol1a8 OZHOPONHAs CHCTEMA

A+B +...4C=0,
Aa-+ B8+ ...+ Cy=0,

Ag®-1 +'ng-1_|f__ . _+_ Cy*-1==0

(47)

(48)



IOMyCKaJda OXHO TOJBLKO HyJesoe peiuedne., Ho 3to peilctsn-
TeNbHO TaK.

B cavoM pene, pomycTHM, 4YTO CyUIECTBYET HYJeBOe pe-
wenne (48), T. e. uro cymecrtsyor yucaa A, B,... C, us
KOTOpHX MO KpaiiHe#t Mepe o0aHO, nHanpumep A, OTAHYHO OT
HY/d, yHnoB/ieTsopdalomue cHcteme (48). YUto6m BhiBECTH oTClORZ
MPOTHBO[€YNE, TMOCTLOMM CHayama MHorouned M (x) crenenm
k —1, obpamaromuics B Hyas npp x—2§, ..., x=y W
B €RHHAUY NpH X =4d. Tak Kak MHOrouies 3tor crenesun R—1
n ofpaulaercd B Hydb NpH 2 — 1 pas/inyubIX  3HAYEHHSX X!
B, ... Y, TO OH HOMmKEH HMETb BHA:

M x)=p (x—B)...(x—7),

rae p—kakoe-1160 uncno, [Jonarags x —a, MbH ZOMKHH [OAY-
yate M (a)=1, orkyna

l=p@—B) ... @—Y)

1
H=E=h. e=n

Hrax,

_x=PF .. (x—7,
ME)=a=h =’

0YeBUIHO, YTO OH HAEHCTBHTENBHO YROBAETBOPAET NOCTABJCHHLIM
ycaosuaM. Packpuigas cxoGxkum ®  npusois nomo0Hbie YJeHH,
NPeACTaBHM €ro B BHIE

M(x)=my+mx+ ... 4 m, x*-1
Ecan renepb ymHnownth ypasuenns (48) na my, m,,..., m,_,
A CIOXMHTD INOYJIEHHO, TO MOJYUHM!

A(my+4-ma--... 4+m,_a*-1)-}
+ B(my-mB+ ... +m BN+ ... 4
A Clmy-my+ .. Ay Y*1)=0,

AM@)++BM@B)+ ... +CM(y)=0.
Ho M(a)=1, M(B)=0, ..., M(y)=0 u, ciaenosareibHo,
A=0,
YTO NPOTHBOPEUYHT MPERNON0IKEHITIO.

Hrak, cncrema (48) umeer onHO TOJBLKO HYJAEBOE pelleHue,
M CleNOBATEAbHO, cHcTeMa (47) mmeeT pelleHre (eXHHCTBEHHOR)
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npu AOOMX #y, Uy, ..., U, @ 3T0 B CBOI0 OYepedb O03HAYAET,
yto crHcteMa (49) oGpasyer 6a3nc yparuenus (33).

Mu Hawau, TakuMm o6pa3oM, uTO AAN BCAKOr0 BO3BPATHOrO
YpaBHEHNUS

un+k:‘a1un+k‘—1 + e +dkun'

VI KOTOPOTrOo COOTBETCTBYIOUIEE XAPAKTCPHCTHYECKOE YpaBheHHe

§F==a," a4 g,

UMEET pa3/HYHpie KOpHH: ¢—4a, ¢=—2§, ..., ¢=y, cyue-
creyer ©Ga3nc, oOpasosanHuit A& reomeTpuueckumn Iporpec-
CHAMH CO 3HameHareasmu: &, B, ..., Y. Muwmu croBamu, nas
4ieHoB JsoboRt mocnemoeatenbuocTn {u,}, yaosneTBopsiOmie
ypasrennio (33), cywectsyer & uncen: A, B, ..., C [onn ua-
xonarcd M3 ypaBHennil (47)] Takux, uto

u,==Aa" 14+ Br-14 .., - Cy-t (n==1,2,3,...).

[TonsenéM uTOrH CKasaHnoMy B M. 6.

Bosspamromy ypasteruio nopadka R coomsemcmsyem aaze-
Opauuecxoe YpasHeHue cmeneHu k ¢ meMmu oice Ko3pgunuer-
mamuy — e20 xapaxmepucmuyecxoe ypasnerue. Kaowdol u3
KOpHell Xapaxmepucmu4eck020 YPasHeHUs npedcmasasem 3Ha-
MeHamens  2e0MEMPuUYecKOll  npozpeccuu,  Y008.aemsopaiouell
JaHHOMY B8038DAMHOMY ypasHeHuio. B cayuae, xo2da sce xOpHU
XAPAKMePUCMULECK020 YPABHEHUS DA3AUUHbL  MEXHCOY €000,
noaysaiomcs k paszauunsix zeomemputecrux npozpeccull, obpa-
3yowux 0asuc 8038pamrozo ypasrerus. CaedosamebHo, 8 IMOM
cayuae 4aeHst w0000 nocaedosamensrocmy, y008.1emsopsiouel
8038DAMHOMY YDQBHEHUIO, MOINCHO HOAYHUME RYMEM NOYACHHOZO
CAOMNCERUS HEKOMOpuX 2e0Mempuyeckux npozpeccull (wuciom k).

7. 3aiiMEmcA nNpHAOKEHHSMH HaBAeHHLIX pesyabratoB. Hau-
HEM ¢ nocnenoBatenbHocTH Pubonaydn. 3ae¢h BO3BPATHOE YPaB-
HEHHUE TaKOBO:

Hya= U, 41 + i,

M, CJEJOBATENBHO, XAPAKTEPUCTHYECKOE YypasHenne (43) HMeer

BRI
‘ qzzq + 1.
Pemas ero, noayynm [pa pasnHyunix AEHCTBHTEAbHBIX KOPHS .

1 1 = I |
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- HostoMy o6uiail yael noCneA0BATEABHOCTH PrHOOHAYYH MOWHO
3anucarb Tax:

u,— Aaq"-1-4 Bf"-1,

Uro6u HaliThn HemsBecthnle kosdpdnumnentot A v B, noaokdam
n=1 1 n==2; nmoayunm:

1‘1 — 1 = A + B
ty=1=—da+ B3 =+ (a+B) + X2 (a—B).
Pewmas nocnexdioo cucreMy, Haliném:

A__V5+1 V5—1
2V'5 — 2V

H, ClIeI0BATEIBHO,
V5+1(1+V§ -1 V-1 [1—V5\*!
“n = Vs 2 ) _[_2]/—5 ( 2 ) ’

HIH -

1 1+V5\* [1—-V5\"
vy ()= (5] e
Vs 2 2
3to u ectb obuiee suipaxenne aas uucen Pubonayun. Ha nep-
BHIl B3r/isA BoiBeAEHHAst opMyna Npencrapisiercs rpoMo3akoll u
Mano yRoGuo#t ans Bbiuucaenuit, Omxako ¢ e€ noMouibio MOXHO
NOJY4YATh PAR JIOOONHTHHX pesyasTaTos. [lokaxeM, nanpumep,
4TQ0 CyMMa KBaApaToB HABYX COCeNHMX uHcea Pubonayynm ecThb
TaKNe HexoTopoe uucao Pubonayyn.
B camoM nexne:

[ (=5 ]

O R !

2

1 {(1+V§)2”,§+21/5+(1—21/5)2".5—-21/§}=
:Vl.g{(l_l_;/g)znjq——(1_2]/5)2“1}:%,,“-




Hrax,
2 .
Z 42 = Uyt {50y

ttyg = 12 | u2== 132 - 82 == 233,

3710, MeXLY NPOYNM, M €CTh OTBET Ha 3agady Pubonauyn.
fIpennaraeM uuraremo mokaszaTh pas yucen Dubonauun
cooTHowienne OGonee obutee, yeM (50), a umenso:

unum+un+1um+1=un+m+1‘ (51)

B kadectse npyroro npusoxenus dopMmyan (49) Hoxkaxem
CAENYIOU(YIO TEOpPeMY:

ITyems a 4 b— 0sa namyparsnbix uucaa, npu!teﬂ a<b;
mozoa 4uc.a0 onepayull nocaedoBameAbHO0 DeseHus 8 alzopugme
Egreauda, HeoOxo0umux Orsm omuickanust HauGoavutezo o00ujezo
Oepumens (COKpamgnuo: H, 0. 1.) a u« b, He npesocxodum

ynamepénrozo wucaa gudp wucsa @, 3anUCAHHOZ0 nO Oecsmut-
HOLl cucmeme CcHUCACHUS.

[IpaMenst K OTHLICKAaHMIO H. 0. O. uYHCen b ™ a aaropugpm
Epxauga, nojiydyaeM nenb pPaBeHCTB:

1) b—=ax"1y',
2) a:yrxﬂ "i"y”;
3) yr :yyxru _‘_’vn:

Hanpuwmep,

(52)
l;) y(k-z) :y(k-l)x(k) _'_y(k),
k-41) Y(B=1) — y(R) (ke +1) )

3aech nocaenoBaTebHEE OCTATKH YIOBACTBOPAIOT HEPABEHCTBAM

a>y >y >y >0 SR > yE=1.

B nocaeanHem u3 paBencTB (52) ocratok pasen Hymio. Cie-
AOBATEJBHO, npefnayuwui octatok ¥® u ectp H. 0. A. 4dncen
b n a. [Mostomy k& o6osHavaer uncao onepauuil, MOTPESHBIX RIS
OTHICKauna H. 0. XI. Haua 3agava, kak MH Yyxe CKa3aiu, 3aKJO-
yaercs B oucHxe uucaa k. C ' sroil neabio Gylem CpaBHHBATD
yncaa B, yE-1 0y’ a ¢ udcaamn PuboHaddu g, U,
Ugy .. SHMETH'V[ uyro y*) = 1=—u,, Ho npepnayunii OCTaTOK
y("’ 1) Goabe yik)u caeposatenbho, y¢-1) = 2—u, [losTomy
n37paBeHCTBA k& 3aK/I0YaEM, uTO

ylk-2) = ylk=- 1)x(k)+y(k)>y(k 1), 1+y(k) Uy -1y =u,.
Wrak, yi% ) =u,, yR=D=u, yE-N=y,

27



HOHYCTHM, YTO Mbl YK€ NAOKa3a/JaH CIPAaBERAJIHBROCTE HEPABEHCTB
y‘k);:.‘ az, .. -,y(m)Euk_m_'.z, y{m—:l);uk_m_*-g (ﬂl*——l _,>/2)-

Torma w3 paresnctea Y- =—= j(m'l)x(m)+ Y™ 3akmiovaeM

y(m 2)>y(m . 1+y( ) = = Uy m+3+ak—m+2 pmmyt
Hrtak, npomo/nkas HAIH pacCyXIAeHHs, Mbl ROHAEM N0 HEPaBEHCTB

Viz=u, yY=u,
¥ najee, H3 COOTHOIIEHHS 2) BHIBEAEM, YTO

az;_yx”+y”>y 14y =uy, 1+ tp=t,2
Ho u,,, mo ¢opmyne (49) mmeer Cneayiowni BRI

e g 5= (1))

[Hostomy

o>y [(570) - (57) 7>
S O A
1—V5 <1>'

2

k42

-V
2

(Tax KaK ’<l H, CJEI0BATEBHO,

M3 (53) nmoayyaeMm, 4TO
(A5 eVt 1<yBatn< () et
(V5< (l———thfj>2=3+21/5—, TAK XakK V5<3).

[osromy

() <ot (54)

3aMeTHM Tenepb, 4TO

o= el - (7)<




OTKYIa

o o
(“"21/5) >5)5—1>10.
CnenosarebHo,

10 (VN < @1y (55)

Ecan 4ncio g no HEeCATHYHOH CHCTEME CYHC/ICHHA 3amncH-
BaeTCHl C NOMOUIBIO 72 HH(P (@ — n-3HAYHOE YHCJO), TO OUEBHAHO,
41O

10771 << a < 107,
OTKYIa

a4+ 1=<10"
H, CNeXOBATEJbHO, B CHJY HepaBencTra (99),
105 < (a - 1)5 << 10%7,
Han
k < on, (56)

D10 B ecTh HYXHHH pe3yabTaT: KONHYECTBO R moc/]enoBa-
renpunix neenuft B anropudye Exanna medbuie, 4eM ynsaTepéd-
Hoe uncao undp HAHUMEHbero m3 yHiea b u @, 3AMNCAHHOrO
no AecsaTH4YHOH crcTeMe cuuc/enusi. M3 nmprnB2AEHHOTO 31eCh nO-
Ka3aTenbCTBa MOKHO YCMOTPETh, 4TO Hanbonee HEBWIOAHKIA Clyval
upuvenenns aaropupma Esxinga (B CMBHCAE 3HAYHTENBHOrO KO-
AndectBa onepaundi, G/JM3KOrO K YCTAHOBJEHHOMY B TeOpeme
npexeny) Gyaer Toraa, Korza b M a ABKOTCA COCEMHIMH YHC-
mamu ®ubonauun. 19 noATBepEEHIs 3ITOrO BO3bMEM, Hanpm-
Mep: b=1,,==67650 u a=—=u;,=4181. 3xech @ —yeTupex-
3HAYHOE YHCJI0 H, CJEKOBATE/]bHO, M0 AOKA3aHHOH TeopeMme, KOJH-
yecTeo onepaunil B aaropupme Eskamma momxno OHTh MeHbIe
5.4 ==20. B nefAcTBUTEIBHOCTH MHI flONyyaeM 3jaech kB=—17 one-
paunit. B camom nene:

1) 6765 =4181-.1-} 2584, 10) 89=>55-1- 34,
9) 4181 = 25841 - 1597, 11) 55=34-1-21,.
3) 2584 =1597-1-} 987, 12) 84 =21-1-13,
4) 1597 = 987.1-F 610, 13) 21=13-14 8,
5) 987= 610-1-4 377, 14) 13= 8-1i 5,
6) 610= 377-1- 233, 15) 8= 5-1-1 3,
7y 377= 233-1-} 144, 16) 5= 3.1 2,
8) 233= 144.1- 89, 17) 3= 2.1 1,
9) 144— 89-1-- 55, 18) 2= 1.2-L o.
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B kauecTBe OCTaTKOB 3JeCh 10JY4YalOTCH OZHO 3a APYFHM B
yOuBaomieM nopsiake uynciaa Pnbouaydu, Bee wactubie (kpome
MOCAGNHEr0) PaBHH ERHHHLE, YeM H OObAcHHETCH Hanuuue 6oJb-
moro 4ucna onepanuit, HanGoabmnil o6uinit nennTtennb oxasalics
paBHLIM eanHnue |paseunctso (17)], uro and cocemumx 4ducen Pu-
GoHayun MOXHO OBUJIO TpeARUASTh ¢ caMmoro Hadvana, Heilcren-
TeNbHO, W3 TOFO, 4TO 4, o=, , —}-#,, BHTEKaeT, 4TO H,0.X.
uncen u,., W 4, , COBmamaer ¢ H.0.A #, ,-+u, [lostomy
aag Kawaod napw cocegHux yncea PuboHayym H.0.A. OAHMH W
Tor we. YUroOW HaliTh ero, MOCTATOYHO PACCMOTPETh MNaApy U,——
=—u,=1,>0TKyna n caegyer, 4TO OH paBeH ENHHHLE.

8. B xavectse cnepyroulero npumepa pacCMOTpPUM NEPHORHYE-
CKYI0 M0CAE€ROBaTeNbHOCTE (16):

m =95, uy=17, u,=1, u,=3, uyy=2, uy=—=1, u,—3,
3nech BO3BpaTHOE YypaBHEHHE HMeEeT BHA!
bpr3==U, (n )
H, CJeAO0BaTENbHO, XapPAKTEPHCTHYECKOE YPABHEHWE TAKOBO:
=1,

3ro ypaBHeHHE HMeeT CJEHYIOIHE KOpHH:

1, .V3 1 V3
a=1, B=—gtim ny=—g—is.

[TosToMy o6mnii 4seH nOCAENOBATENbHOCTH CJAEAYET HCKATh

g suae [cm. dopmyny (46)]
u, = Agh~1 +BBn—1 + Cyr-1=

__A+B(——-+1V3)n 1—‘—6(——%——4?) "

Mu Moxem TpeboBaTbh, 4TOOW ¢opMyna 3Ta BHMOAHAAACH AR
BCEX 3HAYeHWH 7, IS KOTOPHIX BHIMOJHSETCS W BO3BPATHOE YpaB-
Heune: n=—23, 4, 5, ... .

3ameTHM, 4TO -

~—%+i—]/)—3— - (cos—mz sin %),
1 ]/3_ T , id ‘.
—*—2-—— T H(COS 'g—'—lS[n -37),



AO3TOMY TO cpopmyne Myasgpa:
-'/3)11 ~1 ( i "/'“3-)”—1
w=At+ B (— 5+ 5) e (— B2 =

= A~ (—1)""1B[cos 3 (n— 1) —ising (n—1)] +

-}—(__l)ﬂ-lc‘[cos%(nw1)+isin (1~ 1)] =

w2 A~ (B C) (— 1) cos & (n— 1)+

+i(—B4C)(—1)y*~1sin ¢ (n—1).

[onownm B--C==A, n i(—B-+}C)==A,; rvorza dsop-
MyJa 3Ta NEPEnUUIeTCH TaK.

= A+ A (— 1)"~Tcos 3 (n-— 1)+ Ay (— 1)* 1 sin - (n—1)
(n==3),

M OCTAHETCH JIMUIb OIpPEeNeNHTh HeH3BecTHbie KoadduuueHtn A, A,

n A, llonaran n—=3, n=4 u n=2>5, nonyiuM TpH ypaBHe-
HAA C TpeMf HEH3BCCTHLIMH.

2
ty==1=A+ A, 053 + Aysin T — A— -I-AI—[—V—-; A

a4:3:A——A1cos%~—Azsln 3 —_A+A1,

4z I 3
u,—2=A-} A4, cos ¥ —J[—Azsm _A#—EAI—]%——A.J.
Orciona HaxoauM:

1
A=2 A=1 1 d=— — 7.
Hrax,
| S
U,=2-(—1)"- 1[cos(n—ﬂ1)————7:sm(n—w—l)—;—J ==
_2+ —1)" _V—::Slﬂ 1142)% (n = 3)

Mu  BuauM, uro OOWMA 4YieH M0C/1eA0BATENbHOCTH BhIPA-
WaeTCsl B 3TOM NpUMEpe 4epe3 TPHUroHoMeTpHuecKHe (YHKLHH,
YTO BIIOJIHE COT/IACYeTCd € NepHOAHYHOCTHIO MOCISAOBATEbLHOCTH.,

[IpuBenémM, HakoHel, npHUMep, HENOCPELCTBEHHO OTHOCSLHHACK
K HE/JEHHI0O MHOTOYJIEHOB,
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[Mycts vam pgaus gBa Mmuorounewa: P(x)=3-4-x2—x® n
Q(x)=2—x—2x% -} x%; 3amaya 3aKmo4aercs B OINpeLese-
HHH CTPYKTYPH KO3(QQUIHEHTOB 4YaCTHOro, INOJYyYalOWHXCH OT
penenns P(x) Ha Q(x). IlocaemoBaresbuocth Ko3¢pPHLHEHTOB
YaCTHOrO

ul:Do, u2=D1, e a ey an:Dn__l, e vy

KdK Mbl BHOENH B 0. 2, SIBASETCH BO3BPATHOH MOCJAEAOBATE/Ib-
HOCTbIO, Y/eHB KOTOpOH YHOBJeTBOPAIOT ypaBhennio (20):

B B
)DM,,:'—-E‘)DM,@_l—-»...—-—-BfDn (n=1—k-+1).
3aecy k—crenewv Q(x), By, By, ..., B,—Kospdnunenrs

Q(x) u [—crenenb P(x).
Cnemopatenbno, k=3, By—=2, B;= —1, B,= —2,
33;1, [===5:

1 2 1
Dn+3='§ Dn+2+'§'Dn+1 -—-—2-D” (n=5—3+1=3),
T. €.

l 1
D,.s=%Dy,2+D,1i—=D, (1=3).

nt3T 9
XapakTepHCTHURCKOE YypaBHeHHe HMeeT B!
¢ = -é— 49— % ,
HJIH
qa——q—%(qz—l): ( -—%)(q—— 1) (¢ +4-1)==0.
[lostomy ero kopHH cyTb w

1
a_—_-:-:?, B:_—_:l, Y:——l,

H ana D, nonyyaem ¢opmyny
D=A-(3) +B 14 C(—1)  (1=3).
[Moaownm n=3, n=—4 M n=—050; NOJyYNM YypaBHEHN:
Dy=A+B—C,

1
D, = A+B+C,

1
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3lech HEH3BECTHH He TOJAbKO Ko3dduumentns 4, B u C,
po H uHena Dy, D;, D,. Hrobn onpeneauntb HX, NpoH3Bentm
daktHuecku penenne P(x) Ha @Q(x) Tak, 4TOOLI B YACTHOM IO-
JAYYdTh 4iaeHH A0 narofl crenmesH BkJOuYHTenbHO. [lomyunm:

_34-x2— b 2 —x—2x2 - 13

3—%x~—3x2—}—%x3 %+%x+2-§x2+1%x3+2—£,ﬂ

-g—x—|-4x2—-g~x3—x-’*
—%x—%ﬁm%ﬁ+%w‘
4%~x2——é}xﬁ——xﬁ
B 4%x2—2%x3—4§—x4+2—2— XP
25 08 dri—3 2 0
—2%x3——1%x*—-2%x5—|-11%x°
5%x4—x5 —l%xﬁ
m5%x4—2£x5—5%x5+2£x7
l%% x5 4 4.x8 —-2:13_3 X

Orciona DO:%, DI::%, D2=2-g-, Dszi%,

D,=24, D, =%

CnenoBarenbHo, MonydeHHasi Bullle CHCTeMa ypaBHeHHH HMeer
BU

i 3

1 19

wA B C=25,

1 51

pAtE—C=g&

OTKyJa HaXOJAHM:

| 3 5
A=tg, B=75, (=%

3 BosBparnnie nociefoBaTe IbHOCTH 33



Urax,
D o—gl. 1 85 (=3
=4t ety (—1 (n=3).
Hama 3agaua pewmena. M3 nafimenHoit ¢opMyasl moJyuaen:

Dy=235, D=1, Dy=2.0, ...

9, Bo Bcex pa3oOpaHHBIX Bhllle MNpHMEpaXx XapaKTepHCTHYe-
CKOE€ YypaBHEHHE HMeJO TOJBKO MpOCThle KOpHH. PaccMoTpum,
OJHAKD, TpHMep MOCJIEeAOBATEABHOCTH CYMM KBAApPaTOB HATYPasb-
HHX yHces, npuBeAduunifi na ctp. 13. Hag srtofi mocnepoBareb-
HOCTH BO3BpaTHOE ypaBHEHHE HMeeT BHA:

Sn+4:48u+3——- 68n+2 A, S, ’

H, cJeldoBaTel/ibHO, XapaKTEPHCTHUYECKOE ypaBHeHHe TAaKOBO:
qt—4¢* — 6¢* 49— 1,

¢t —4¢* 697 —4g+1= (¢ —1)=0.

OHo 006s1amaeT TO/IbKO OJHMM YEeThIPEXKPATHHIM KOpHeM: ¢ -—= 1.
f03TOMY MW H HOJy4aeM 3JecCb TOJbKO OJHY TIeOMEeTPHYeCKYI
IpOrpeccHi0 co 3HameHateneM 1, 4yineHbl KOTOpPOH yIOBJETBOPAIOT
X3AHHOMY BO3BPaTHOMY YPaBHEHHIO, -

B nopo6shnix cayyasix MNpHUXOAMTCH HCKATh JPYrue npocreil-
tiie BO3BpATHHIE MOCJea0BATE]bHOCTH, KOTOpPLIe BMECTe C yKa3aH-
HOM reoMeTpHYeckoll mnporpeccHeii MOTYT cocTaBHTb 0a3nc paH-
HOrQ ypasHenusi. B Haumlem npnmepe Takumu MOCaeg0BATENLHO-
cTaMH OymyT:

HIH

0, 1, 2, 3,. ,n—1, ...
0, 1, 4, 9,. L r—1)2
0, 1, 8, 27, ..,(n—l)-,

{KaK 3TO Jerko CMokeT MpoBepHThb umTtarenb). He pasbupas ca-

Moro obuiero cJyuyad, TpeOylouiero AOBOJBHO TpPOMO3AKHX Bbl-

KMaA0K, Mbl OCTAHOBHMCH Ha CJASAYIOUIEM THIHYHOM MpHMEpeE.
[lycts nMeem BO3BpaTHOe ypaBHeHHE

—1
Upyp=—= Cﬁ Alntk—1-—
—2 _ 0
—Cp QPuy . (1) 1C, atu,, (57)
rae Ci0, Ck_2 ce Cg——6uﬂomnanbuue KOPPHUHEHTH 110-
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panka k. CooTBeTcTByIOUlee XapaKTePHCTHYECKOE YypaBHEHHE

¢ =Ci g —Ci @ A (- D Gt
MOKeT ObiTh MPeACTAaBJCHO B BHIE
(g —a)yr=0.
Ouo umeeT k-xkpaThHuwit KopeHb ¢=={; O4YEBHJHO, 4TO
(@ —a)r=a*— C; 't}

L CE gk (=1 Crat = 0. ©8)

PacemoTpuM BooOlIE CAEAYIOL(HE TOKAECTBA:

k—m~—1 k [
— Crm 1

+ck‘m—2 ket (— 1) gk — 0,
rpe m=—=0,1,2, ..., k—1, nm
(1 _1)k-m=c’,§:$——c§:$“l+cf;:ﬁ‘zﬂ...-;—
b (— O e (= 1) Che == 0. (59)
Pageuctso (59), coorBercTByomee 3HaueHHio m=—=0, umeeT BAA
Ci—CE 4 — A (=) O
+ ... = 1ECh==0. (59)

3aMmeuasi, 4TO

CF ¥ — k(k—l e RE—D ... (k—m-1) k—m—
(k—u) T k—m—ptD). . —p) "
(m_-__-:l,Q, -"7}3—-1; Oé..p--i:._kﬁfﬂ),
HJIH '

kil —1).. (b—m41)Ciiy "=
(k—--m——u+1 (k—w) Cr T, (60)
MOMHOHM Kaxa0€ 13 paBeHcT (59') (m—-———l 2, , R—1) Ha

COOTBETCTBYIOL(HH MHOXHTENb 2 (k—1). k——m+ n nocne
3T0r0, moab3ysach (60), mepenuumem HX B BHAE:

(k—m-1).  kCh—(k—m)...(k—1)Cs ... +

A+ (— P e—m—pA1).. (e—w)Ch "+
e (=120 Cr=0  (59")

m=1,2, ... k—1).
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Hoxaxem reneps, yro npn m=0, 1,2, ..., B—1 cnpa-
BEOJIHBLI cnenyloume Pa2BEHCTRA.

B Ci— (e — 1" Ci L (— D (k) CE*
4+ ... (=1t 0mcl=0. (61)

B camom gene, pasenctso, coorBeTcTByOUlee m=—=0, COB-
Hanaer ¢ (99°) m, cienoBatesbuo, cnpareianso.

Paccywaas no muaykunm, aonyctuM, u4ro paBeHcTsa (61) ywxe
Aokazanbl pas m==0, 1, ..., j (js<<k—2) n nokaxem Toraa,
{TO paBEHCTBO, COOTBETCTBYIOULEE /11 = j-}- 1, TakxKe chpaBemuBo.
C 3TOM Menbi0 BBEIEM MHOrow/eHn CreleHn Jj41:

fle)=(x—N(x—j41)...(x— 1) x =

=/t —f o — . —5 . (62)
YMHoxas pasenctsa (61) npu m==1, 2, .. .,/ COOTBETCTBEHHO
na ynena §y, By, ..., B, moOAyunM:
- ‘ 3
81k Cr— By (k—1)Ci" 1 |

+ R D e—
+ ... B (—1k0.Cc0 =0,
} (63)
B,/ Cr— B, (k— 1)/ Ci '
+ B 1) e G -
+ . 48 (—1%.0.c;  =0. |

3annmes ew@ pasenctso (59”), COOTBETCTBYIOL(EE 3HAYCHUIO
m-—=j-4-1, B Buze:

fU Ch—F (k= 1) CE . A (— 1) fle—p) CE* -
4 (—1EFO0)Cr=0 (64)
[Mbl  BOCHONB3OBaMCh  3lech Tem, 4TO (k—/)... k=F(k),

(k—j—1). .. (k=) =f(k—1), ... (b — j— ). . .(k — p)=
Cxnannipant (63) u (64) nouwaenno, Gymem uMmeTh:
Bk .. B8 - f(R)) Ch— .
— b1 (e—1) oy 1Y L fe— D) L
H—1) [ te—p) ... +Bj(k—!’-)j+f(k_!’-)]ckwp+
o (=D [B 0 8,0 - £(0)) CR=0.
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Ho 8 cuny (62):

Bix = Bax® o A B - flx) =X
[TosToMy moayyYeHHHH pe3ynbTaT LPHHHMAaeT BHI:
RIHICF — (B— 1Y +1CF ] e (— 1);&(13___“)141(3’;—?_{_
o (— 1R =0

1o U ecth paBencTso (61) mas m=—=j-}- 1. Taxnu obpasom,
KOKa34re/]bCcTBO ClPaseNJUBCCTH COOTHOlWennd (61) 3akounveno.

PaccMorpuM, BakoHell, NPOH3BO/AbLHBIA MHOTOUJIEH CTENEHH He
RHILIE B — 1

Pxy=A,_x* 1A, ,x*2+4 ...} A, (65)

Ymuowas pasesctea (61), mpn m=0,1,2, ..., k—1, co-
orBeTcTseuHo Ha Ay, Ay, «. ., A,_, DOAyUIM:

ACh—ACh ™ .
~4-(— ) ACk—M+---+(—"1)kA0C?=::0v
AkCE— A (B— 1)y 4.
+(— A (e —) c,;**-{— A (= VeA, - 0- C%—o.

k_lkk—lck——Ak 1(k—-1)" lc"’"l-t- +
A (— 1A (e—pf 10 L -
A (—1)FA,_-0%-1.Co=.

CxnagnBas HX nousento, Oylaem HMeTb:

(Ag- Ak 4 ... A, k1) CE—

— (A A te— D4 A k=G L+

A (— DA+ A k—m)+ o A, k—l’-)k'llci}:ﬂ‘i‘
4 (D[4 F- A0 4, 1'0k°l]C(}c:’:0v

HJIHn

P(k)-Ci—P(k—1)-Ct '+ ...~ (— 1) P(0)-Co=0. (66)

CrefoBaTebHO, MPOM3BOJAbLHBIA MHOrouseH P(x) cTeneHH He
Bhilie 2 — 1 ya08aeTBOpsieT coorHomeHun (66).

[lonowuv, B wactHoctn, P(x)=(x-}+ n— 1y, rae n —
NPOH3BOJALHOE HATYpaibHOE HHCAO H m-—uenoe, 0 <m<<hk—1.
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Teraa pasenctBo (66) npumer BHA.
(B4-n— 1" Ct— (k4 n—2"Ci ...+
4 (— 1) (A — 1) Cz =0,
M, TOMHOXAT Ha a“+"-1 u 3amenss Cy vepes 1:
(k+n__1)mak+n-lzcg——la(k+n —Q)m gktn-z__
—CE g2 (b4-n—3)mqr+r-3 | . .|
A (1)1 CR a® (n — 1)man -t (67}

Cpasuugas (67) ¢ (57), 3axkaioyaeM, YTO BO3BPATHOMY YpaB-
HeHHI0 (D7) ymoBAeTBOpSeT Kawaas W3 R [0CJel0BaTebHOCTEH

t,a, a2, ...,a%1, ..., ' (m=—=0); ]
0,a 22, ..., (n—1)a"~1, ..., (m=1); '
0,a 222, ..., (n—1)a™-1, ...,  (m=2); } (68)
e e B % s e 8 . s ® e e s . e e v w e e !
0, a, 2¥-1g2, ..., (n—1)k-1g?-1 . . (m=—k—1). ]

Ecau mun  ycTaHoBHM, 4to OoHH 0Opa3yloT 6asuc, TO OTCIOAA
OGymeT chemoBaTb, 4To OOGWHHA 4jeH MPOH3BOJbHOH MOC/IEX0BA-
TEJBHOCTH, YNOBJAETBOPHIOUIHA ypaBHeHHIO (D7), HMMeeT BWA:

Ug=— [By-+ B, (n— 1)—|— .o —I_Bk—] (n—1)k-1]gr-1 =,
=Q(n"— l)an—l, (69)
rie Q (.’C) :Bo +le+ e +Bk._1xk—1 MHOI'0OYJIeH CTeIIeHH

He Bhiie Z— 1, ¢ MPON3BOJbHHMH KO3pDHUHEHTAMH.
HocTaTouHo JmoKa3aTh, 4TO CHCTeMa R NHHeHHLX ypaBHeHHH

By+By-0+ ... 4 B, -0%-1 ==y,
By+B-14-... B, 1771 —=u,

By B, (h—1) - - —|—Bk l(k——l)’“ —

HMeeT pelleHHe OTHOCHTeNbHO HeH3secTHHX By, By, ..., B,_,
UPH MOGBIX 4y, ..., U, T.e€. (B CHIY npeanoweHns Ha ctp. 17),
4YTQ CHCTEMA

By=0,

BO—}—Bl —,L- —|—Bk__l__0

~}—(!a——~l)b’1—}-— +(f€ )e - 1Bk 1_-mO



uMeeT TOAbKO Hyneroe peulenHe. Ho ypasnenns nocneauet cu-
¢TeMn 0003H44Ya10T, 4YTO

QO) ==Q()=—"...=Q(k—1)=0,
1. €. YTO YpaBHEHHE

By Byx ... 4B, xt=1==0

cTeneHw He Bhile 2Z2— 1 wmmeer, mo Kpafinell Mepe, £ pas/MyHHX
kopueii: 0,1,2, ..., k—1. Orciona caexyer, yTo

30:——- ..-':-—‘Bk_l-:o,

yeM ¥ 3aKaH4YMBaercd JIOKa3aTeJbCTBO TOrO, YTO IOCJENOBaTe/ib-
noctn (68) oGpa3sylorT 6a3suC BO3BPAaTHHX MOC/IENOBATENbHOCTEH,
YAOBNETBOPSIOLINX YPaBHEHHIO (H7).

B cayyae npou3BospHOH BO3BPAaTHOH MNOC/IENOBATE/BHOCTH,
yIaoBAeTROpAOLLell o0lleMy YpaBHEHHIO

an+k:alun+k--l+aza’n+k_2 + v +akun (‘1,137é 0), (70)
XaPAKTEPHCTHYCCKOE YpPaBHEHHE

k. 2 -
t=agt ... o ()
MOXET HMeTb HeKOTOPHH KOpeHb & KpaTHOCTH @, KopeHb {§ Kpat-
woctn b, ..., KopeHb Y kpatnocTw ¢, a Bcero a—f-b—4... -+

+ ¢=Fk Kopheil.
IOns storo naubonee ofwero caydas MOXHO LOK43dTh, 4TO
6azuc COCTOMT W3 CJAENYIOUMX k£ 10cJeI0BaTeNbHOCTeH:

1,a, a2, ...,a%* 1 ...,

0, 4, 20122 ... ,'ml_i fesignt,
1, 6 82’ e, Bn-l

0 B 21;—132 .*z—— .b—.IB;t—;’ ’
!‘.,{,.“,',.vn.d. . ., . v e e
R P P )

flosTomv

n,=—Q(n—1)a"' -
FRp—1 L S —=1)y" (T2)
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tae Q(x), R(x), ..., S(x)— xaxne-nubo ¢uxcupoBaHHblE MHOTO-
yjeubl, C¢TeneHefi we Bbime a—1, b—1, ..., c—1 cootser-
CTBEHHO,

Urak, o6wuii #aen u, 060l gosspamuol nocaedogamens-
HOCHIL uMeent 8u0 CYMMbL HPOu3BedeHUll MHO20MAEHO8 OMHOCU-
menso #— 1 (a1, 4TO CBOANTEH K TOMY e, OTHOCHTEJLHO #)
Ha of0wue 4AcHbB 2e0Memiputd:Crux npozpeccull, 3HaMeHamesu
KOMOPBLX PABHEL KOTHAM Xaparxmepucmuyeccozo ypasienus (71).

B caywae, Koraa BCe KUPHH 1.0CJ€AHEr0 YpaBHEHUT — MPO-
CThle, YKA3aHHLIE MHOTOYIEHbl SBJSIOTCH MOCTOSHHBIMH R OOUIHH
YjeH BO3BpPaTHOH MOCNENOBATENBHOCTH MpeAcTaBASeTCH B BHIE
CYyMMbI 'WJIEHOB T@OMEeTpPHHCCKIX mporpeccii,

Mo «HO noKazaTh Tav¥e cr;aieannsocrb 06GpaTHoro mpel-
noxkenus. A iuveuHo, swbas nocaedosaneasviocms {u,}, obuull
yaen KOMOPOH 8usnaca mca no ¢ormyte (12), asasemcss 803-
gpannoi®), CoOTBETCTRYIOIIEE XapaKTEpPICTHYECKOE YpaBiieHie
{71) crpourca no ero KopuaM &, B, ...,y I 0O 1IX KPaTHOCTAM
a, b, ..., ¢ {(0peACTaRAAILLIM CTenenn Maorodaenos Q, R, ...,S,
yBesnvexHnie Ha exnduuy). OTCi0fa HeMenJeHHO HAXOAMTCH 11 BO3-
BparHoe ypaBH:uHe {70).

PaccmoTpHM B Bule NpHMSPa MOCA2A0BATENBHOCTD

4, — (ﬂ-— 1)2-2”"1 -{— 3n-1,

CpasdnBast ¢ (72), 3akmoudaeM, YTO KODH!I XapakTepHCTHUYECKOTO
ypaBHeHus Takosw: a==2, §==3, nNpuuéM Kparuoctb @ paBHa
2-+1=3. [lo3TOMy XapAKTCPHCIIIYECKOE YypABHEHIIE IOJKHO
UMETb BHIIL:

(g— 2)% (g —3) :q*——9q3—[— 30q%2 —44q 24 =0,
4 BO3BpPAaTHOC YpaBHEHIle 3aniiuercd Ttak:
Upnig— 9”‘”-!—3 - 30”n+2 + 44un+ 17 24”‘n'

[Tpepocraragens unTaTe® NpOBCPUTH, YTO AdHHAS IMOCJEA0BA-
TeNbHOCTh YAOBAETBOPSET MNCJAELHEMY YpPaBHEHH!O,

10. Unnioctpnpyem pesyapTaThl M., 9 HeckonabKUMH  TIpHMe-
pamu. Mpr Buaest B n. 2, 4yro unenn apmpmeTnyeckoil nporpec-

*) JIlokasaTeabCTBO npsivoH u  06paTHoil 1€OpeMbl, KOTOpOe Mbl
31eCh OflvCKaeM, MOKHO naiiTh B uers®prcel rrase Haled KHMKKH
«enenvie ¢ octatkoM B apigmetke w aare pe» AlTH PCPCP, M—JI1,
1949, rae Tenpis BO3RPATHHRIX MOCJASAOBATEABIOCTE] M3/101KeHa CHOCO-
60M, OTAMYHBIM OT MPUHATOrO B 3TOH OGpolnope.
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CHH YAOBJETBOPHAIOT YPABHEHHIO BHIA

Uy oo™ 2an+1 — &,

KBAAParhl HATYPAJbHBIX YiC€J] — YPABHEHHIO

Unyg =~ 3u,, +2 3”:14-1 + iy,
4 KyOul — ypaBHEHHIO
Upid=—= 4un+3 _- 6un+z + 4un+1 Uy

QueBHIHO, UTO BCe BTH YpaBHEHHs CONEPKATCAd KaK 4acTHble
¢cAyyan B ypaBHeHHI

k—1 ﬁle—Q
Uy 1= Cr Untr—1— Ck uﬂ+k~—2+ i l)k_lcg“m (57")

paccMoTpeHHoM B . 9 (3gecp a==1).
O6uui wien Mi000H 10C/AeI0BATEBHOCTH, YIOBJAETBOPAIOLIEH
3TOMY YpPaBHEHIIO, A0MKeH uMerb Bux [dopmyna (69)]:

n,=By—+ By (n— 1)+ ...+ B, (n—1)}"L (69)

Yro6ul Haiite  kodpduunents By, By, ..., B,_;,, LOCTaTOYHO
PELINTh CJAEAYIOUIYI0 CHCTEMY £ JHHeHHBX aareOpaniyecknx ypas-
HeHHH C R HEHU3BECTHBIMHU!
BOT_.“ul’ ]
By By ... g By = ta (73)

L] - -

kel .
B cayuae apudmeruueckoff nporpeccun k==2 © ¢Qopmy.a
(69} npumer BHI:
un:BO+Bl (”"_ 1)1
a cucrteMma (73) —Bui:
Bo _— ul,
BO "‘l— Bl - UE.
Orciona BUAHO, 4TO0 By =, eCTb NepBbil 4.jex IIPOTPECCHH, &
B, ==uy; — u; — d — pasnoctb nporpeccun. C/eno8aTebHo,

= d(n—1).

Mbl OMy4HAN XOPOINO U3BECTHYH dopmyay.

Her nyxAn MNPOH3BOANTb COOTBETCTBYIOILME BHIKJAAKH A1y
cayuash MOCJAELOBATEbHOCTH KBAaJpaTOB HAH KyOOB HaTypaibHbIX
yMCces, TAK KAK Mbl C CAMOTO H4uana 3HAeM 31eCh, 4TO u, == n?
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HAR U4, ==n°. OIHAKO MNpPeiCT4BASET HEKOTOpLH HHTEpec mpH-
MEHHTb COoTHoweHHA (69’) u (73) k BuBOLY GOpPMY.I AT CYyMMBI
HIACHOB apH(pMETHYECKOH NPOrpeccui, a TAKKe CYyMMul KBAEPaToB
HIH KYOOB HAaTypa/ibHBHIX uMCel.

B n. 4 Mm pokasaam, 4to ecadm uaeHw HEKOTOPOH noc/aeno-
BATC.ILHOCTH {#,} YIOBAETBOpPAIOT YpPARHEHMIO BHia

un+k= alun+k—1 + a-’oan+k—2+‘ .t + akau’
TO CymMmbl {§,} WIeHoB 3TOH NOCI€L0BATENBHOCTH ($1==u,, §,—
=ttty Sy=utu,t-u,,...) YIAOBAETBOPSIOT  YPABHEHUIO
BHAA
Sntr1=(1+4~a;) s,
+(‘22_ @) Sn +k—1+‘ . ‘l" (ak—- ak—-l)sﬂ‘}-}_ S
B caysae ypasuenns (57’) oueBumno, uto

a,=Ci, @y=—C},..., a,=(—1y-1C%,
[TosTomy
1 —{~al —1 —i—C;le: C}e-{—h
2y— @y = —(Ci - C}) = — Crpas

3 V2 3
Ag—ig == Ck+Ck = Ck+1,
k-1

B—0,_ == (— 1)*~1(Ci - Ci ™) = (— 1)*-1¢C L,
—a, = (— 1) Cr=(—1)* Cfi]
H ypaBHEHHE HJif {Sn} MOKET OnlTh IPEACTABJICHO B BUIE!
Sttt == Caia S, —City St 4= . - (— D Chtls,
H.11

1 . 2 , I k41
Sthp1— Cit1 S p T Coty Snpim1— .« o= (— 1)RHIC

B41 S, ==V,

HMrak, ecanm mocaenoBaTe.IbHOCT {u,} ymosaiermopser ypas-
HEHHIO BHAA (57') nopsiaka k&, ToO NOC/AeNOBATE1bHOCTL COOTBET-
CTBYIOUHX CYMM {S,} YLOBIETBOPSIET YpAaBHEHHUIO TOLO Ke BHMA,
HO nopsiaka k£ —-1. B wacthocTn, aas apudMernyeckol nporpec-
CH R==2, A1%% HOCIENOBATEAbHOCTI KBANPATOB HATYPAMLHBIX
uicen R=3 u 118 nocneloBatedbHocTH KYGOB £ ==4; caelo-
BAT@IBHO, A/ TIOC.TCHOBATEIbHOCTEH COOTBETCTBYIOLIUX CYMM
HY#HO B YKa3aHHBIX Bbllle paseHcTBax (577), (69°), (73) 6parw

Ha eauHHLYy O0abutuM: 3, 4 u 5,

a) CymMMa 4yaeHOB apHGMeTnueCKOR nporpec-
¢cun. Ha ocHoBanum caenauunix 3aveyaHnil, s, BHPAXaeTCH HC
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opriyae (69°) (¢ samenoit u, ua s ) upn k=23, Caenosare.1bio,
§,==By+B{(n—1)4 By {n— 19
Kosagpopnuuentn By, By, B, onpeiesslores 103 CcucTedpl (73
(¢ TOH e 3amenodh g, na s, U npu k-=3):
BD —= Sl —_— ul,
By By~ By ==y = ) 1ty = 2u, +d,
By~1-2-B) 4 22By =5, =u, -ty -} 1y == 3u, 4 3dl.

Peuasi eg, monydaes:

1 1
By = uy, 81:”1+§dr Bzzﬁjd-

Crenosatenbno,
i 1
s, =u,+ (ul—lr- fd) (7 —1)-{- Sdn—1) =
= nul-{-—%- dn—1)n=" [2u1+(2n —Dd_
_nfu -ty e—10)d  n(u+u,)
T 2 - 2 )

0) CymMa KBagpaTOB HATypPaJbHBIX dYlce..
Depst B ¢opmynax (69') u (73) k==4 u 3avenss #, d4epes s,
10,1y Y3eM:

BU:——-Slzl,
Bo+81+32+33282:1+22:5,
By 3B, + 9B, +-27B = s, =122 1 32 | 42.- 30,
M3 nocneanedl cHcTeMbl HAXOMIIM:

1 1

. 1
80:1, 81:2€, 32:1‘5', B3_—_—_‘—.

[Tosromy
13 3 et L .
Sp=1-F5r—1+ 5 r—1pfsm—1)P=

1 { I . (143n-42m2)  n(n-1)(2n-4-1
:—gn+3m2—{~-§—n == +6+ = 6 .

Mul noayunan smaxomyio gopyyay.
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B) CymMmma ky6oB HaTypaabuux uynces. ag ned
BMeeM:

Sﬂ -

n2(n-4-1)2
—

OTOT BLIBOJ Mhl MPENOCTaB/ISEM YNTATE/MO B KAYECTBE YrpaXHEHH.
B saxmrovedne paccmMOTpHM e npHMep MOC/EH0BATENLHO-

cTi: a, 2a2, 3ad,..., na", ... (@50, a=£1).
3nech
u, == na" (n—1,2,3,...).
Jlerko BumeTh, 4TO
- e 2, .
4y, —2au,,,—atu,;

B CAMOM [eJie
29Uy — QPu, == 2q (n 4 1)a" *l—a2na” = (n -+ 2) a" *2 =y, 1,
Tak kax 2=2, ¢,=2a n a,— — a2, TO nOCJAeAOBATE/b-
HOCTb CyMM {s,} (s, =a, s = a -} 2a2, ;== a 222} 343,...)
Oyaer yaoBaerBopaTh ypasuennio [cum. (30)]:
Sni3== (@11 1) Sppo -t (2,—a;) Spaq— @Sy =

=(2a4-1)s,,,— (@®-}-2a)s,, 1+ a%,.

COOTBETCTRYIOUIEE X2PAKTEPHCTHYECKOE YPABHEHHE TAKOBO:

g*=(2a41) q2 — (a® -} 2a) g -} a2.
Jlerko BumeTb, YTO OHO YHOBJAETBOpPHETCH TPH g=a. Hens
miorouned ¢3— (224 1) g% - (a®+2a)g—a? na ¢—a, no-

JyyaeM B 44CTHOM:
P?—(a+1)g-+a.

CiaenosaTe/IbHO, OCTaNbHbIE ABA KOPHS XapAaKTEPHCTHUYECKOrO Ypas-
HEHHS YIOBJETBOPHIOT CAELYIOLIEMY YPaBHEHHIO!

92— (a-+1) g+ a==0.

ITH KOpHH CyTb: a 1 1.

Urak, xapaxTtepucTiueckoe ypaBHEHHE HMEeT KOPEHb & Kpart-
HOCTH @==2 mu npocTol KopeHb 3==1.

[Tostomy ans s, nmonyyaem [cM. dopmyay (69), rae BMmecTO «,
caelyer mmcarb S, a=4a, Q(x)= By} B;x — Muorounen mnep-
Boli creneun, 3—=1 u R (x)= C, — nocrosunas]:

s, =[By+Bi(n—1)]ar~14-C, (1=1,2,3,...)
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Kos¢popnunentor By, By B C, HAXOAATCH M3 CHCTEMB  ypaB-
HeHnil, COOTBETCTBYIOLIMX 3uauedusm p=1, 2 u 3

By 4 Cy=s,=a,
(B, -+ B2 Cy =5, =a -} 2a%,
(B4 2B,)2? -+ Cy =8, = o+ 2a® +32%.

OTCIONa HaxOoouM:

o3 — Qa2 al o
Bo=f—tp Bi=i=1 " “Te=
CenosaTenbHO,

ant? — Dar-+1 4
5u=[Bo+B1(n“"1)]1"_1+Co=n ((Z—__Fliz = =

_ linaz — (un L] — un)
h (x—1)2




3AK/TIOYEHHE

JTa KHIKKA 10MxHE GHIA 14aTh HHTATC/II0 NOpPELCTABASHHE O
2a:1:000pa3ii  BO3RpaTHHIX TOC/JEIOBATENbHOCTEH H HX pOaH R
waremarnie. ByecTe ¢ Tem Myl NOKa3a/1M, 4YTO BO3BPATHLHIE NOC./e-
AOBATE1bHOCTH HEJA/JeKO YULIH OT Haubo.ee APOCTHIX W3 HAX —
FEOMETPIYCCKOR MPOTPECCHH 1 TOC/AE MOBATE IbHOC TR CTeneneH
HaTYDAABHEIX  41ICCA (B 4aCTHOCTH, MOC/ACHOBATENBHOCTH CaMIIX
MATYPA/IBHHIX YHCeD, COCTaBIAAIONINX apHMeTHIECKYIO nporpec-
CII0) —— 1 MOryT OhiTh BLIPAKEHH C MOMOINBIO 3THX mMpocTeuinx
10C.1€A0BATEABHOCTEI!,

Ho ywe B anementapHoil maTemaTike na KaxaoM Imary BcTpe-
NHOTCH NOC/IeIOBATE/IbHOCTH, He fABJASIOUIHECH BO3BpaTHbiMH, Ta-
XOBa, HamnpuMep, OfHA N3 HanGoJee BakHKIX BO BCel MaTewmari.
'ICCKOH HayKe Moc/eoBaTe ibHOCTD [IPOCTRIX UMICE.T:

2,3,5,7, 11,13, 17,19, 23, . ..

ITd NOCIEA0BATEIBLHOCTD, ¢ ed FayGOKIMH 1 CJOKHMMH CBOJi-
cTBaMil, ¥M3y4aeTcs B TeOpUMNU ypce.l.

He sBagiorca sozBparieivn Taxie 10C/1€10BaTeIbHOCTH 3Ha-
HCHIA AHOPUX 3.1eMEeHTapHHIX byHKILH, Hanpumep:

1 1
2 n’

b 3 ] 4 L L |
. 1
(nocaezosaTebHOC 1L 3HaUeNnH  ByHKIIM V=== Opn  X=

=1,2,3,..)), nn

e —
LY2. Vs, Ve . Ve, ...
log 1, log 2, log 8, log4,.. ., logn,. ..
- u T
(nocaenosareaptioctn :Havennit gyt ) x fogx)yn T, g,
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MayuenueM sTUX M UM NOZOGHBIX NOCJEZOBAaTEJbHO-
cTei*) (a BMecTe ¢ HHUMH M BO3BPATHHIX NMOCJIEL0BATENb-
HOCTe#H) 3aHMMaeTcss YNOMHHAaBMIAACA BHIUE MaTEMaTH-
HYE€CKasg OJNCUUNIMHA—H CUHCJACHHE KOHEYHB X pPaa3-
HOCTEH.

Haxonen, B kKypce saeMmeHTapuoii MaTeMaTHKH u B
OCOGEHHOCTH B KypCe MaTEMaTHUECKOrO aHaJu3a, uay-
Ja€MOr0 B BBICIIEH WIKOJIE€, BECbMA BaXHYIO POJb HUrPAIoT
CXOAsAmKeCcss NOCAELOBATENAbHOCTH, T, €. NOCJEI0BaATeNb-
HOCTH, oOJlazamilue KOHEYHBIMH npenenamu. Mx uayue-
HHE COCTaBJAd€T BaXHEHUIYIO 3anauy TEOPHH IPeneNioB
B OTHOCHTCAI K OCHOBAM MaTeéMAaTHUE€CKOro aHa-
au3a CpoiicTBa OTAEJBHHX YJIEHOB NOCJAEIL0OBAaTEIBHO-
CTeif MrpalT uUpH 3TOM OGonee 4UeM BTOPOCTENEHHYIO
poJib: BaX€H JauIIb (QaKT CYIMEcTBOBaHUS IpeaeJaa H
BCJANUYKHA 3TOTrO Ipeneda.

Bce atu saMeuanus MBI cynTaeMm HEOGXOTUMBIM Clhe-
JAaTh AJf TOTO, YTOOBI UMTATEAb IOHAA, 4YTO H3JIOKEH-
Hass HaMH TECODPHUST BO3BPATHHIX [OCAENOBaTEJIBHOCTEI,
KaK C TOYKHM 3DEHHS CBOETO NPEJAMETa, TaK U C TOUKH
3DEHUs BBIABJAYCMBX €K 3aKOHOMEDPHOCTEH, Npencras-
AfeT cOGOH aMIUb BECHhMA YacTHYIO M CKPOMHYKIO TIJasy
YYEHHUST O NOC/JAEZOBATEIBHOCTHX.

*} Peub UIET O MOCIEIOBATEILUOCTSX 3HauellMi TaK HasblBaeMblx
AMATHTHHYHECKHNX G YyHKUMH DpocTeliluME IPEICTaBHTEIAMH KO-
TOPLIX ABIMIOTCH 3ieMedTaplible VHKIHH,
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